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Abstract

The motivation for this study is to develop the new family of continuous distributions called Odd Lomax-G
(OLG). Also present a new flexible three-parameter distribution according to the developed family called
the Odd Lomax-G Exponential (OLE) distribution. Using binomial series expansion, logarithmic, and expo-
nential expansions, the new OLG family and OLE distribution are expanded. We find the derivative of the
moments, the mgf, quantity function, ordered statistics and Rényi entropy. Then use the MLE method to
estimate the OLE model parameters. Finally, an importance of the new family is made clear experimentally
through two real data applications. Then explore the performance of OLE distribution inferred from family
OLG based on certain goodness of fit criteria.

Keywords: OLG family; OLE distribution; Quantity function; Ordered statistics; Rényi entropy
MLE; method.
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1. Introduction

Statistical distributions are often used to describe and forecast natural phenomena. Many statistical
distributions exist. However, there was a need to create flexible distributions. These would accurately
describe data, natural phenomena, or limited real-world scenarios. Many researchers in statistics introduced
new distributions like the Go-G family [1], MOG family [2|, and MOTL-G family [3]. There were also the
APRAY-G family [4], MOW-G family [5], TIIEHL-Gom-TL-G family [6], NETLE family [7], Muth-G family
[8], and TNH-G family [9].
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The steps to derive our family of distributions, which called A New Generalized Family of Odd Lomax-G
Distributions in short (OLG), include: Let

Where W (G (z,§)) is CDF satisfying the conditions?

1. W(G(z,§)) € [a,b],—0 < a < b< o0
2. W (G (z,€)) is differentiable and monotonically non-decreasing.
3. W—=b,as x — (G(x,8)) = a, as v — —o0, and

WG (x,8)) o0 (1)

ie. W(G(x,£)) — 0, as z — 0, and W (G (z,§)) — 1, as £ — o0
Alzaatreh in 2013 proposed a new method to generate new CDF of T'— X family distributions by [10]:

W(G(z.5))
F(z,§) :/0 r(u) du (2)

Where F' (z,£) CDF of A new family is, r (u) is pdf of random variableu € [a,b], W (G (z,€)) satisty Eq.(1),
take 7 (z), R (z) are PDF and CDF of Lomax distribution respectively given by form:

o x —(a+1)

r(x):<1+> ,x>0,a,7v>0 (3)
Y Y

R(m)zl—(l—i—j) x>0, a,7>0 (4)

Then the CDF of OLG family is given by:

—G(z,£) log(1-G(z.5)) )\ et
FOL('CC7Q777§):/ <1+> du
0 Y Y

(CE,f) .lOg(l -G (xag))>_a

G
FOLOG(x7a7’)/7£):1_(1_ N

While pdf of OLG family from Eq.(5) is:

_ —(a+1)
foroa (z,a,7,§) Z%g (,€) (1 _G(z9) .logr(yl G (x,f)))

[ G (2,
1—G($,§)

(6)
—log (1 —G(x,{))} T, o,,E >0

The study aims to introduce a new distribution family and describe some of its features. This family’s
structure combines the individual Lomax distribution with 7" — X. The proposed OLG family is a better
fit than some known distributions. This distribution family is important because it describes how data sets
decrease and increase. The second goal is to present the exponential distribution baseline. It also includes
statistical characteristics of the distribution based on the proposed family. Additionally, it involves using
MLEs to estimate the model parameters. A simulation study is performed to evaluate the distribution
performance.
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2. Mathematical Properties of OLG family

2.1. Useful representations pdf and cdf

We can expand the cdf of OLG family using Eq.(5) as follows: Using binomial series expansion we get:

G(z,8)log(1=G(2,6)\ ™" _~T(a+k)*
(el Sty TS

G (2,6)" (log (1 - G (,€)))*

k=0

Also by using logarithm expansion of (log (1 — G (z, 5)))k by the form:

[e.e]

(—1) dy; (G (2, €))"H"

1=0

[log (1 - G (z,€))*

Where dj, ; = i1 anzl % for i > 0 and dip =1

e a —k(_1Yi g

For (z,0,7,8) =1— Y I +kl)('71“(of) 1)" di,i
k=i=0 :

G (2,6 =[1-(1-G(z,8)*"

e (R (e

=3 () e

Jj=

G (.CC, é-) 2k—+i

Again by using binomial series expansion we get:

o0

G = Y o (P (N eweor

r=5=0

Finally we get the expansion cdf for OLG family by the form:

T E) vk (=) d s 2k + 1) [ .
Forg (w,0,7,6) =1— Y s )Z(ll“((a)) - < J+ ><i> 16 =) ©
k=i=r=3=0 ’
Or
FOLG (SC, a777§) =1- Qk,iﬂ',j [G <x7§)]r (8)
Where & i+
= Dla+k)y R (=) 2k + 1N (G
w3 S e ()0)

We can expand the pdf of OLG family using Eq.(6) as follows: Using binomial series expansion we get:

. al (« k)~ ®D G (g, )FH
fou (w07, = 3 I B og (1~ 6 0. €) 9 0.6)
k=0 ' ’
o0 (k+1)
Y O 0 s G ) 0 )
=0

Also by using logarithm expansion of (log (1 — G (z,¢)))*, and (log (1 — G (z,€)))*™ we get:

[e.e]

(1) dp o T (o + 1+ k)4~ B0 G (2, €) 2T
Z ET (a+1) 1-G(x,¢)

for (m,a,%g) = g(l‘,f)

k=1=0
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o0

Vid \ 1 4+ k) ~—(E+1)
Z k+1/<;!F((ZJ—FH)+ ol (G (2,8) " g (x,€)

Wheredkl_ 1Zm 1%”fori>0anddk70:1

And where dyyiy = 17008 PG 1> 0 and djyg = 1

k k+1
2 o, 1

By expansion G (z, &) , and #@E)’ respectively by the forms:

G = 3 -1yt (7)) ewer

G = 3 () cwer

S
s=n=0
o)

! (—1)° (G (2, )

-G8 =
Finally we get the expansion pdf for OLG family by the form:

i (=) gl (o + 14 &)y~ B 19k 44\ (5
ET (e +1) J r

fOLG’ (1’,@,’}/,5) = ) [G(x7§)}r+zg($7€)

) i a (1) dy D (o + 1+ k) y~ KD (2k +1+ 1> <S> (G (x,6)]" g ()

P i kT (a + 1) S
9)
Or
fora (x,0,7,8) = Ppir iz [G (2,67 g (2,€) = Yrtom [G (2,6)]" g (,€) (10)
Where
kyi,rj,z — 1 .
e ET (a4 1) j r
y - i a1 g T (a+ 1+ k)y~ D 2k 1141\ (s
Radsamn = ET (a+1) s n

k=l=s=n=0

2.2. Quantile function

The quantile function Q(u) is obtained from the relation:

Where @ (u) is the quantity function Forg (z, a,7,§) for each u € (0,1). We find the quantity function for
the OLG family by assuming: m = G («, &)

Putting
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Let 0
c c c —c
Substituting into the equation (x) we get:
0—c\ 0—c g0 —c
log< 7 )-9:>9—e e T_l
Theorem 2.1. The solution (s) of the equation e**.T=5 = b are z = p+1.W_be P (abe=PT) , W (p ) =
p+ W_be P (be™PT), hence T'=p —q
From Theorem (2.1) Puta = —1,p=¢,q =0,b =1, we get:
c c
0 = _ —-¢ e _ - e S ——
c+ W 1(66 ):>m c+W. 1(06 )zm T W ()
y——1=
l—u)a
G (2,€) = =
()
_ 9l Wi _ 9l (1—u) @
T g T <7 <1u>é> ‘
i (1-1)%
QFOL(x,a,'y,f) = Qu (11)
—
— ot _ ol (1-uw)o
T g T (7 <1—u>é> ‘

2.8. Moments

Let 2 be a random variable with pdf in Eq.(10). Then the n'* moment of the OLG family distribution

is given by:
o0
tn = E(x")op0q = / 2" fore (x,0,7,8)oppde
0

o0

o = Do /0 (G (@, ) g (2, €) d — By /O (G (2,€)]"g (2, €) da

2.4. Moment generating function

The moment generating function (mgf) is given by:

[o.¢]
My (Y)org = E (e") = / e’ fora (7, a,7,§) dx
—00
Used series expansion for e¥*
Mz (Y)ora = HE (") = Z H[M"]
n=0 n=0

From Eq.(12) we get:

[e.o] n

My (Wosa =D 11

n=0

[e.e]

[@k /0 2 (G (0, €))7 g (2,€) dir — Bpipe /0 G (2, )" g (2,€) du

(12)

(13)
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2.5. Rényi entropy
The Rényi entropy for the OLG family distribution can be obtained [11]:

1 & c
Ir (Core = 7 _CZOQ/O f (@) dx

Then from Eq.(10) we get:

IR (C)OLG = 1 i c IOg |:/OOo ((I)kﬂﬂ’,j,z [G (‘T? 5)]T+Z g (‘7:75) dx — wk,l,s,n [G (xa 5)]719 (.T, 5))0 dx (14)

2.6. Order statistics

The pdf of the j** order statistic for a random sample of size n from a distribution function Forq (z, o, v, €)
and an associated pdf fora (z,a,,§) are given by:

n—j

fjin (.T) = Z k (_1)1” <n ; j> [FOLG (.’L‘, a777€)]j+r_1 fOLG (33, O‘?'%f) (15)

r=0

3. The OLE distribution

If we take the Exponential (E) distribution as a baseline model, the cdf and pdf of E is G (t) =1 — e
and g (t) = A\e 7, respectively and substitute in Eq.(5), and Eq.(6) to have the cdf and pdf of odd Lomax
exponential distribution (OLE), respectively, by:

(1 — e*)‘x) .log (e*/\x)
gl

o
FOLE(:CaO[,,%)‘):1<1 ) 55E>0, aa%)\>0 (16)

_al (1 —e”‘“’“). log (e”‘“”) (e . ) —Az
fOLE(xaayr)/vg)_,y<]‘_ v [1_6 ’ — ¢ ’ IOg(G A>i| (17)

The Survival function can be getting from following equation:

S(@)orp =1—Fore (z,0,7,§)

We get -
S (@)opp = (1 n (1- e—/\x)’y_log (e_)\x)> .
While the hazard functions of the OLE distribution is obtained by Equation:
h(@)pp = Y Jore (@078
S(x)oLe S(T)oLe

QM. [1 —e M _ e Mg (e_)“”)]
V(L —e ) log (e )
Then the Figure 1 represents pdf, and hazard function of OLE distribution, respectively

h (9U)OLE = (19)
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Figure 1: pdf, and hazard function OLE distribution

4. Mathematical properties

4.1. Useful representations pdf and cdf of OLE distribution

We can expand the cdf of OLE distribution using Eq.(8) as follows: Using binomial series expansion, and

logarithm expansion we get [12, 13, 14]:
T (a + k‘) ’y_k (_1)i+j+r+p dk,i ( > (]> <r> o
e
r) \P

KT ()

2k + 1
J

FOLE (.’E, a, 7, )‘)

Fore (z,0,7,A) =1 =Ty iripe

—pAx
Where
r

EG)

We can expand the pdf of OLE distribution using Eq.(10) as follows: Using binomial series expansion, and
logarithm expansion we get:

[e.e]

D

k:i:r:j:p:ﬂ

T(a+k)y* (1) HHrirg,

2k +1
KT (a) :

J

Thirjp =

[e.9]

(_1)i+r+j+z+q dy i T (a + 14+ k) ,y—(k:—&-l) <2k + Z) <]) <7’ + Z) IV
O z,q,y, - ’ . el
fore ( 7€) k:@':T:]Z;z:qzo ET (a+1) j r q
_ i a (1) dig iU (a+ 1+ R) D 9k LT (5 (1) | e
k=l=s=n=v=0 kT (Oé + 1) S n v
Or
forE (T,0,7,€) = @i jzge I — Oy e 2D (21)
Where
> (—1)Hr+j+z+q dpia T (a+1+k) A=) 19k 40\ (4 (1 + 2
Wkirg,z,q = Z T 1 ) A
k=i=r=j=2=q=0 : (a + ) J r q
And - e
> 1) g T 14 k)y~ B+ 79 1
T Sa o RS B R C R T
o R (a41) 5 n) \v

k=l=s=n=v=0
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4.2. Quantile function of OLE distribution
From Eq.(11) we can get the Quantile function of OLE distribution by form:

1 i (1—1)%
QFOLE(:E,a;y,g) = Qu _X In 1- (22)
—| = i T
N W. S — ( (l—u)a>
Linieme S (7 (1—u)é> ‘
Table 1: explains the quantiles for selected parameter values of the OLE distribution.
(a7, A)

u  (3.4,27,1.3) (26,4.3,2.7) (2.5,3.3,1.6) (2.8,2,0.8) (3.8,24,1.2)

0.1 0.2421 0.1749 0.2605 0.3722 0.2317

0.2 0.3694 0.2734 0.4043 0.5680 0.3315

0.3 0.4886 0.3704 0.5441 0.7516 0.4623

0.4 0.6130 0.4773 0.6961 0.9439 0.5764

0.5 0.7526 0.6047 0.8748 1.1608 0.7026

0.6 0.9206 0.7693 1.1020 1.4237 0.8519

0.7 1.1414 1.0046 1.4221 1.7724 1.0438

0.8 1.4742 1.3971 1.9499 2.3064 1.3249

0.9 2.1434 2.2735 3.1390 3.4122 1.8649

4.3. Moments
Let x be a random variable with pdf in Eq.(21). Then the n'” moment by Eq.(12), then the moment of
the OLE distribution is given by [15]:

o0 [e.e]
0 0

Let d
Yy Y
gt ) == = Y
O Y VAP Y Ty
And let d
T T
D) e — I
r z(v+1) T NOES)) T Mo+ D)
= 1,7,9,% ENPEEEY "e Vdy + v sno\ N/ 1) / "e " d
fim wk”’J”q()\(q+1)> /0 yre Ta T Uklsn, (A(q+1)> o Y
1 n+1 1 n+1
n — 1,7,5,2 r 1 9 sno |l —V/——< r 1
= hingea (5 m) 0D+ (5 ) Tee
1 n+1 1 n+1
n=L(Mn+1 irg.z ~ % + % isno | vy 23
p (n+1) wk,,,J,,q<)\(q+1)> k.l,s,n, <)\(q+1)> (23)

The variance of the OLE distribution is obtained by the following formula (02 = s — u?). The skewness
(SK) and kurtosis (KU) are defined by

SK — lgz’) _ 6 |:Wk,i,r,j,z,q <ﬁ>4 Ot (}\(qlm)4:| .
3 ; 3
po® |:2 |:7Dk;,i,r,j,zvq (m) + V1m0 <m> :|:|

e
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1 )° 1 )°
1 6 {wk,i,r,j,z,q (m) + Uk dsm (m) ]

(3~ .\ RVTE
Hz {wk,im,j,z,q </\(q+1)> + Uk 1sm0 ()\(q+1)) ]

OLE(w. 6.0.2) OLE(e, 8,1.2)

KU =

(25)

sspUMANS
=1
o
g™

@™ [

=

-1.0
v
&
LN o
-15 \ /

Figure 2: Displays 3D plots of skewness and kurtosis of the OLE distribution

4.4. Moment generating function

The moment generating function (mgf) of OLE distribution from Eq.(13), and from Eq.(23) getting:

1 n+1 1 ntl
I'(n+1 rdea \ Yo Ag+1) ?
(n + ) (wk,z,r,],z,q ()\ (q T 1)> + ﬂk,l,s,n,v <>\ (q + 1)) )] ( 6)

The Rényi entropy for the OLE distribution can be used Eq.(14), and using binomial series expansion

obtained: Then
Cc m C
IR (C)OLE — 1 10g Zm:O (_1) (m) wk,i,r,j,z,q-ﬁk,l,s,n,v
1—c¢ A (gm 4 ve —vm + ¢)

[o.¢] yn
My (Y)ore = Z ol
n=0

4.5. Rényi entropy

(27)

4.6. Order statistics

The pdf of the j* order statistic for a random sample of size n from a distribution function For g (z, o, 7, €)
and an associated pdf forg (z,a,v,§) are given by [16, 17]:

n—j

(@) = S k=1 (") Fove (0,0,7. 07" fore (5,0,7. 29

r=0

Where F' (), vy cdf of OLE-distribution and f (x) g, is cdf of OLE-distribution. However, the following
is the pdf of the j — th order statistics for a random sample of size n drawn from the OLE-distribution:

n—j - D ey \ —a it
fjm(x)zzk(_l)r<n;]> [1_<1_(1—e)\).10g(e>\)) ]

r=0 v

: {A (1- 0o ) g o)

v

(29)
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So, the fj., (x) of minimum order statistics is obtained by substituting j = 1 in Eq.(29) to have:

() =) |

L (1 (=) log () ) e 1o — e log ()]

(30)

v v

While the corresponding f;.,, (x) of maximum order statistics is obtained by making the substitution of j = n
in Eq.(29) as:

_nfj r(n—17J (1 _ ef)\x) log (e*’\x) —aqntr—1
N e}
A (1 _ (1—e22). log (e7*) ) —(a+1) [1 e <€_>\x)}

(31)

ar
gl gl

5. Estimation

The parameters of the OLE distribution are estimated using the maximum likelihood estimation approach.
The log-likelihood function is derived for a random sample x1, x2, ..., x, distributed in accordance with the
pdf of the OLE distribution.

n
H orLE (Ti, 0,7, €)

(0.2) ﬁO; ( (1—e7). log (e—”“))(aﬂ). (1= — e log ()]

v

The log-likelihood function L is obtained as:

L =nlog (@) +nlog(\) —nlog (7) — (a + 1 Z log ( (- e_m),'y log (e_m)>

+log (1 e e og (e_)‘”’)) (32)
g% =2 Zzn;wg (1 _i- em)& log (em)> (33)
e B I e e D D s e BT
R M e )

The solution of the non-linear equations of gL 0, gi = 0, and 8L = 0 results to the ML estimates

of parameters a, A,y respectively. The solution could not be obtamed analytically except by numerical
methods using software like R, MAPLE, and SAS and so on.
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6. Simulation study

The performance of maximum likelihood estimators (MLEs) for the OLE distribution is evaluated through
a Monte Carlo simulation study using the R package. The sample sizes considered in the study are n = 100,
150, and 175. We generate N = 1000 samples for the true parameter values listed in Tables 2 and 3. The
resulting MLEs for the model parameters are averaged to obtain the mean values, and the corresponding
bias and root mean squared errors (RMSEs) are calculated. The bias and RMSE for a specific estimated
parameter, denoted as ¥, are given by:

N . N (af . N2
Abias (7) = Z"Nl Y5, and RMSE (3) = \/ Zim (i) (X; U

The result in Tables 2 and Table 3 are shown, all estimators appear to have consistency. That is, as
the sample size increases, the average parameter estimates become closer to the true parameter values. In
addition, the mean square errors (MSEs) decrease as the sample size increases.

Table 2: Outcomes of Monte Carlo simulations conducted for the OLE distribution

(a=11,7y=1.1,1=038) (a=11,7=04,31=038)
parameter Sample Size Mean RMSE Abias | Mean RMSE  Abias
100 1.9490 1.0644 0.8490 | 2.2238 2.9803 1.123

@ 150 1.8901 0.9880 0.7901 | 1.8775 1.7122  0.7775
175 1.7114 0.6481 0.6114 | 1.7999 0.8956  0.6999

100 3.0276  2.9443 1.9276 | 2.9709 8.6495 2.5709

¥ 150 2.8421 2.7471 1.7421 | 2.1456 6.3173  1.7456
175 2.1900 1.2308 1.0900 | 1.6423 1.9048 1.2423

100 0.9116 0.2545 0.1116 | 1.2229 0.7054 0.4229

] 150 0.8625 0.2367 0.0625 | 1.1825 0.5930  0.3825
175 0.8537 0.1674 0.0537 | 1.1411 0.5423 0.3411

(¢ =1.6,7y=1.6,1=0.6) (a=11,y=1.1,7=0.6)
parameter Sample Size Mean RMSE Abias | Mean RMSE  Abias
100 3.2222  4.2954 1.6229 | 2.2190 1.3371 1.1190

@ 150 2.5353 1.6619 0.9353 | 1.8924 0.9233 0.7924
175 25173 1.2661 0.9173 | 1.7179 0.6817  0.6179

100 6.8865 4.8809 5.2865 | 4.0533 3.8907  2.9533

~ 150 3.8616 4.5153 2.2616 | 3.1353 2.7674  2.0353
175 3.7498 34711 2.1498 | 2.0917 1.1547 0.9917

100 0.7146 0.2989 0.1146 | 0.7201 0.2403 0.1201

J 150 0.6675 0.1968 0.0675 | 0.6853 0.2360  0.0853

175 0.6641 0.1893 0.0641 | 0.5994 0.0545 -0.0005
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Table 3: Outcomes of Monte Carlo simulations conducted for the OLE distribution

(a=14,7v=14,1=04) (¢ =14,y=15I3=0.4)
parameter Sample Size Mean RMSE Abias | Mean RMSE  Abias
100 2.6731 2.2244 1.2731 | 2.6729 2.1262 1.2729

o 150 2.2560 1.7569 0.8560 | 2.2917 1.8085  0.8917
175 2.1294 0.9831 0.7294 | 2.1400 0.9978  0.7400

100 5.2875 8.8442 3.8875 | 4.9390 6.7219  3.4390

~ 150 4.0049 8.2386 2.6049 | 4.1960 6.1865 2.6960
175 2.8272  2.2470 1.4272 | 3.0916 2.4728 1.5916

100 0.4475 0.1797 0.0475 | 0.4317 0.1447  0.0317

] 150 0.4197 0.1401 0.0197 | 0.4191 0.1357 0.0191
175 0.4081 0.0781 0.0081 | 0.4122 0.0835 0.0122
(a=14,y=1.5,1=0.5) (¢ =12,v=0.9,13=0.5)
parameter Sample Size Mean RMSE Abias | Mean RMSE  Abias
100 2.6419 19974 1.2419 | 2.2406 1.5198  1.0406

@ 150 2.2105 1.7122 0.8105 | 1.9137 1.2305 0.7137
175 2.0760 0.9413 0.6760 | 1.8981 0.8521  0.6981

100 4.9974 6.9593 3.4974 | 3.5270 5.0073  2.6270

y 150 4.0475 5.7905 2.5475 | 2.7748 4.8799  1.8748
175 2.9642 2.2374 1.4642 | 2.0650 1.6523  1.1650

100 0.5452 0.2016 0.0452 | 0.6173 0.2697 0.1173

J 150 0.5246 0.1700 0.0246 | 0.5718 0.2231  0.0718
175 0.5243 0.1016 0.0243 | 0.5438 0.1346  0.0438

7. Application

To demonstrate the effectiveness of the OLE distribution in fitting data, we present a practical application
on two data sets for the purpose of demonstrating the advantages of OLE and the extent to which it fits the
data. Table 4 provides a comparison between OLE and different distributions for the data used.

This comparison is made using eight measures, which are the Kolmogorov-Smirnov statistic (KS), the
Anderson-Darling statistic (A), the Cramér-von Mises statistic (W), the information criteria HQIC, BIC,
AIC, and CAIC, and the p-value corresponding to the KS test. These are widely used measures of goodness
of fit.

Table 5 and Table 6 show the OLE distribution with the smallest values of AIC, AICC, and BIC compared
to the corresponding values for non-overlapping distributions. Moreover, goodness-of-fit statistics A, W, KS
tests and p-value indicate that the OLE distribution is the best fit for data I and data II.

Table 4: Comparative distributions

Distribution CDF
Beta Exponential distribution 1
1—e%,
(BeE) [15] PI1 -, a,7)
Kumaraswamy Exponential distribution Iz oY
(KuE) (New) 1 (1 —(-e™)7)
Exponential Generalized Exponential (1 . ( 1_ P,h)a)w

distribution (EGE) (New)

Weibull Exponential distribution —a I\ @
(WeE) [19] (1 — exp (=~ (—log (e . )%)

Gompertz Exponential distribution Iz oY a _lg\ =Y
(GoE) (New) (= ()9 *(1—@90;0( (5)(1_(63) )))
Rayleigh Exponential distribution e%(—ln(l—e*h))z
(RE) (New)
Rayleigh distribution (R) [20] 1 — exp(—Ja?)
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7.1. The First Dataset I

The dataset used in this study includes the survival times of 72 guinea pigs that were infected with
virulent tubercle bacilli. The survival times are measured in days. The original observation and reporting of
this dataset were conducted by Bjerkedal [21].
0.1, 0.33, 0.44, 0.56, 0.59, 0.59, 0.72, 0.74, 0.92, 0.93, 0.96, 1, 1, 1.02, 1.05, 1.07, 1.07, 1.08, 1.08, 1.08, 1.09,
1.12, 1.13, 1.15, 1.16, 1.2, 1.21, 1.22, 1.22, 1.24, 1.3, 1.34, 1.36, 1.39, 1.44, 1.46, 1.53, 1.59, 1.6, 1.63, 1.63,
1.68, 1.71, 1.72, 1.76, 1.83, 1.95, 1.96, 1.97, 2.02, 2.13, 2.15, 2.16, 2.22, 2.3, 2.31, 2.4, 2.45, 2.51, 2.53, 2.54,

2.54, 2.78, 2.93, 3.27, 3.42, 3.47, 3.61, 4.02, 4.32, 4.58 , 5.55.

Table 5: Estimates of models for data I

Dist. MLESs -2L AIC CAIC BIC HQIC W A K-S p-value
:0.3488
OLE 4:3.3766 9290 191.81 192.16 198.64 194.53 0.0502 0.3175 0.0686 0.8860
J1:2.5631
&:3.3629
BeE A4:1.4159 94.42 194.85 195.20 201.68 197.57 0.0832 0.5186 0.0949 0.5354
1:0.8500
&:3.1070
KuE 4:1.5504 94.32 194.64 194.99 201.47 197.36 0.0856 0.5257 0.0924 0.5695
1:0.8133
a:1.2167
EGE 4:3.2351 94.61 195.23 195.58 202.06 197.95 0.0807 0.5087 0.1105 0.3420
1:0.8827
&:1.9719
WeE 4:0.9977 82.49 170.98 171.75 175.65 172.59 0.1623 1.0172 0.1431 0.4704
1:0.1657
&:0.7730
GoE #:1.1631 102.8 211.65 212.00 218.48 214.37 0.2938 1.7091 0.1749 0.0243
1:0.3831
4:1.7908
RE 3:0.3598 97.30 198.61 198.79 203.17 200.43 0.1048 0.7175 0.1267 0.1977
R 1:0.2396 96.58 195.16 195.21 197.43 196.06 0.1760 1.0289 0.1087 0.3615
S — oe 1 '
o — BeE //-'
o | KuE
° — EGE 0 |
Vel S
n — GOE
© RE
< i EN
s 31 — OE
o — BeE
o Kug
o | — EGE
- ° WeE
o —ggE
g_ T T \“-—‘\E’:\_\‘_‘ g 77777 I— T T RI
1 3 5 8 0 2 4 6

Figure 3: Fitted densities and empirical CDF for Data I
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Figure 4: Empirical CDF and pp plot for data I

7.2. The Second Dataset 11

The dataset contains the recorded time durations of growth hormone medication until children reach a
specific target age [22].
2.15, 2.20, 2.55, 2.56, 2.63, 2.74, 2.81, 2.90, 3.05, 3.41, 3.43, 3.43, 3.84, 4.16, 4.18, 4.36, 4.42, 4.51,4.60, 4.61,
4.75, 5.03, 5.10, 5.44, 5.90, 5.96, 6.77, 7.82, 8.00, 8.16, 8.21, 8.72, 10.40, 13.20, 13.70.

Table 6: Estimates of models for data II

Dist.  MLEs -2L AIC CAIC BIC HQIC W A K-S p-value
4:0.2855
OLE #:6.8688 78.95 163.91 164.68 168.58 165.52 0.0491 0.3585 0.0791 0.9806
3:1.0943
4:3.6195
BeE 4:1.2501 80.40 166.81 167.58 171.47 168.42 0.0861 0.5678 0.1097 0.7926
3:0.3163
&:4.0029
KuE 4:1.2763 79.89 165.80 166.57 170.46 167.41 0.0857 0.5654 0.1005 0.8710
3:0.3458
a:1.0083
EGE #4:3.7409 80.36 166.73 167.51 171.40 168.35 0.0820 0.5435 0.1134 0.7580
3:0.3776
&:1.9719
WeE  4:0.9977 82.49 170.98 171.75 175.65 172.59 0.1623 1.0172 0.1431 0.4704
3:0.1657
4:0.4809
GoE 4:0.9302 87.09 180.19 180.97 184.86 181.80 0.2516 1.5539 0.2091 0.0935
3:0.1871
4:1.4917
3:0.1033
R J0.0274 8248 166.97 167.09 168.53 167.51 0.1643 1.0289 0.1463 0.4412

RE 82.42 168.86 169.23 171.97 169.93 0.0613 0.4194 0.1456 0.4476
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Figure 6: Empirical CDF and pp plot for data II

8. Conclusion

This study proposes the formation of a new extension to a new generalized family of continuous distribu-
tions called Odd Lomax-G (OLG) derived based on the T-X family and the Lomax distribution. It presented
a set of properties for this generalized family such as quantitative function, moments, MGF, Rényi entropy,
and order statistics. The study also presented the derivation of a sub-model of the exponential distribution
called OLE, and a set of properties based on OLE. The performance of maximum likelihood estimators
(MLEs) for the OLE distribution is evaluated through a Monte Carlo simulation study using the R package
for different sample sizes, and the average MLEs were calculated. Output the model parameters to obtain
mean values, and the corresponding bias and root mean square errors (RMSEs) are calculated. The bias and
RMSE are given for a specific estimation parameter, and examining the results shows that all estimators are
consistent. This means that as the sample size increases, the mean parameter estimates become closer to the
true parameter values. In addition, the mean square errors (MSEs) decrease as the sample size increases.

Finally, to analyze the performance and superiority of the OLE model, two sets of data were used: the
survival times of 72 guinea pigs infected with virulent tuberculosis bacilli and the time periods recorded
for growth hormone medications until the children reach a specific target age by comparing them to some
existing distributions. The comparison demonstrated the strength of the performance of the proposed model
according to AIC, CAIC, BIC, and HQIC informatics criteria.
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