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Abstract

The peristaltic pump of a fluid which is of non-Newtonian type over a curved tube is the main focus of
this study. The mathematical formulation of the problem is presented. A small Reynolds number (Re)
and a large wavelength (0) are used to simplify the calculation of the problem. The final expression of
the stream function is found by applying the perturbation procedure for different values k, we derive a
numerical solution to the nonlinear differential equation. An extensive review of the influence of various
physics parameters, such that Hartman number, non-Newtonian fluid number and many others, in two cases,
small and large values of the curvature value k, on the axial velocity profile, the pressure rise, the pressure
gradient, and the streamlines. This discussion is supported by the inclusion of pictures and illustrations.
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1. Introduction

The continual stretching and loosening of muscle in the digestive tract are called peristalsis, and it is
responsible for the downward movement of food. Recent interest in the peristalsis phenomenon can be
attributed to engineering and medical uses. Embryonic development, the transport of oocytes and embryos,
and the pulsation of blood arteries are all examples of peristaltic flow in living systems [1, 2, 3, 4, 5, 6, 7, 8,
9, 10, 11, 12, 13]. One advantageous component in engineering applications is turbo machines and aircraft
wings.
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Consequently, it is of most importance to comprehend the impact of curvature (represented by the vari-
able k) on the behavior of channels. The investigation of peristaltic movements in curvy channels holds signif-
icant academic interest due to the prevalence of curved shapes in physiological tubes and glandular channels.
The phenomenon of flow in a curved tube holds significant relevance in several industrial, biological, and
environmental contexts. The dispersion of pollutants within fjords and across rugged maritime topography
exemplifies the phenomenon of flow in curved channels. Laser droving in curved plasma channels is crucial in
many types of laser systems, including circular x-ray lasers, optical synchrotrons, accelerators, and generat-
ing harmonic lasers. Additionally, from an engineering perspective, the properties of flood flow in relation to
the movement of sediments are an application of curved geometry [14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25].
Because of its usefulness in a wide variety of contexts, including food mixing, chime movement in the in-
testine, blood and plasma flow, and the distribution of unclear fuel slurries, the study of non-Newtonian
fluids flow has attracted the attention of many researchers. Shear stress and shear strain in Bingham plastic
materials are linear, and a finite yield stress is necessary for the fluid starting to flow[26, 27, 28, 29, 30].
Drilling mud, toothpaste, clay suspension, mayonnaise, chocolate, and mustard are just few of the many uses
for Bingham plastic fluid. In contrast to Newtonian fluids, whose fixed surface is flat and featureless, the
Bingham plastic fluid’s surface can hold spikes [31, 32, 33, 34, 35]. A research was done by Adana and Hadi
to examine the influence of a field of magnetic particles on the peristaltic pumping behavior of a Bingham
plastic fluid within an inclined balanced duct. Additionally, the study took into account the impacts of
heat transfer and mass transfer [36]. The peristaltic flow of an incompressible Bingham plastic fluid in a
curved duct was investigated by Adnan [37]. Trinary hybrid nanofluid flow was investigated by Z. Abbas
et al. between two sinusoidally deflected curved tubes [38]. The impacts of a magnetic field on the peri-
staltic movement of Bingham fluid were examined in a study by Adnan [39]. In their study, Al-Khafajy and
Labban examined the collective impacts of concentration and thermo-diffusion on the dynamics of unstable
oscillatory flow in an inclined porous channel, specifically focusing on an incompressible Carreau fluid [40].
Nazeer conducted a comparative analysis on the two-dimensional cross flow of a non-Newtonian fluid with
heat and mass transfer. Specifically, the focus was on the Eyring-Powell fluid, which was observed while
it flowed through a uniform horizontal channel [41]. The theoretical examination conducted by Kotnurkar
et al. focuses on the significance of double-diffusive convection involving magneto-Jeffrey nanofluid in a
peristaltic motion. This examination takes into account the influence of magnetohydrodynamics (MHD)
and a porous medium within a flexible channel with a permeable wall [42]. The effects of rotation on
heat transport for a couple-stress within a non-uniform canal were studied by Abdulhussein et al. utilizing
inclination magnetohydrodynamics [43]. The Bingham plastic material model is a suitable approach for
accurately representing the rheological characteristics of several lubricants employed in hydrodynamic bear-
ings. The observed behavior exhibits a distinct transition, wherein the material undergoes a transformation
from a solid state to a fluid state, contingent upon the magnitude of the shear stress experienced at a given
location [44]. The effect of magnetic force and nonlinear thermal radiation for peristaltic transport of hybrid
bio-nanofluid with the porous medium in a symmetric channel [45]. A computational study was performed
to investigate the slip and no-slip possibilities for the flow of a Bingham fluid in a spiral tube with a circular
cross-section [46]. The numerical investigation of the flow of Bingham plastic fluid on a heated rotating disc
is presented by Khan et al., thermo-physical characteristics and viscous dissipation are postulated with the
influence of entropy formation [47].

Samanta et al. conducted a study to analyse the hydrodynamics of a laminar planar hydraulic jump
occurring during the free surface flow of a Bingham plastic liquid. The researchers employed numerical
simulation and shallow flow analysis techniques, which were subsequently validated using experimental data
[48]. Mohammed examines the impact of the rotation variable and other variables on the peristaltic flow
of Sutterby fluid in an inclined asymmetric channel that includes a porous material with heat transfer.
When there is rotation, mathematical modelling is created by employing constitutive equations that are
based on the Sutterby fluid model [49]. Mohammed studies the influence of the rotation variable on the
peristaltic movement of Sutterby fluid in an asymmetric channel with thermal transfer. The mathematical
representation incorporates the influence of rotation by employing constitutive equations basing on the
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Sutterby fluid model [50].

2. The Formulation of the Problem

Non-Newtonian fluid fills the space inside the tube; hence the problem is formulated as peristaltic motion
of an incompressible non-Newtonian fluid through curved pipe with a width of (2a) becomes intricate in an
annular circle with a center of 0 and a radius of R*. Defining V and U are the variables of velocity in radial
R and axial X direction respectively as it is showing in figure 1. The mathematical description of the tube
sidewalls proceeds as the following:

P (%, ) =5 [or o [ 5 (X -] (1)

In this context, a variable c¢ represents the speed, the wave amplitude of the upper sidewall and lower
side wall are denoted by b. The wavelength, which is represents by A, represents has decreased in smaller
increments, but in more practical scenarios, Natural systems contraction and expansion cause time vari-
ations. which is influenced by fluctuating values of A. In order to treat the flow in a curved channel as
two-dimensional, it is assumed that the breadth perpendicular to the plane of the tube is infinitely large.
It is believed that the motion is moving through a laminar state. Based on the aforementioned premise, we
consider the field of motion to have the form that is shown below.

V=[V(RX.0),0(RX.),0

Figure 1: The design of tube

For the velocity field of an incompressible, non-Newtonian fluid, the equations that account for mass
and momentum conservation are shown below:

V.V =0 (2)
Vo o
p En + (V.V) V)=-VP+V.7—-0BjV (3)
Defining the fluid density, the pressure, and the stress tensor by the symbols p, P, and 7 respectively.
W o o
Plar + (VNV)V ) =-VP+V.7r—oBjV (4)
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Along with the boundary conditions:
U =0 alongwith F H (X,f) = :F[a+b sm[ (X —cﬂ” (7)

Cauchy stress tensor, denoted as ¢*, can be expressed in the following reduced form.
o*=—-PI+3

The symbol 7 denotes the additional stress tensor, the symbol P represents the kinetic pressure. The non-
Newtonian fluid stresses, denoted as s;;, are connected to the strain rates A; through the utilisation of a

constitutive equation.
Sij =2 p+ V)Al for 7 > 7y,5;; = 0 for s < s,.
In which s, indicates the yield stress and ;v denotes the fluid viscosity,

N
4= §tracA1 , and Ay = grad V + (grad V')
N = N = = 2 N = = 2\ 3
T=\"\or OR " R*+ROX R +R RF+ROX R +R

The flow is irregular in the tube. Yet in the wave frame with coordinates (7, z), which are moving with
speed ¢, it seems stable. The following is an introduction to the equations of transformation:

i:X—ct,F:R,ﬂ:U—C,EZ‘ZP:ﬁ (8)

For the purpose of determining the non-dimensional analysis, the dimensionless quantities required are

shown below:

2rx T U v
rT=——V">"nN=—Uu=—0=—,
A a c c
p= 27ra2 77 257 T = g7}%62 @7 6: 27Ta7 (9)
Auc a ue 7 A
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The non-dimensional components of velocity are represented by (u,v). The variable p is used to represent
the non-dimensional pressure, And the symbol 7 is used to represent the non-dimensional stress tensor.
The Reynolds number, denoted as Re, is a numerical value that represents a dimensionless quantity in
fluid mechanics. The symbol § represents the wavelength ratio, also known as the wave number. On the
other hand, the symbol k signifies the curvature parameter. The symbol ¢ represents the amplitude ratio,
Hartman number, denoted by M. and the symbol N denotes the Non-Newtonian fluid number. Using these
values, we could analyze the motion and continuity equations:

ov ou
k — 4+ ké— 1
(k+n )8 + ax+ =0 (10)
And the motion equation in R direction
v v k(u+1)dv (u+1)? op & 0
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And the motion equation in X direction

kE+n Ou E+n Ou ou (u+1)v op 1 1 0 9
— -1 = — Ty 1) — e .
Red . 8x+Re p van—I—Reé(u—l— )8x+Re . 8x+kk—|—77817 [(k:+n) Tn} ”
0w k+n

Along with non-dimensional boundary conditions

u+1=0,F[h] =F[1+ ¢sinz] (13)
And the stream function
u = _% (14)
=~

Using the Eq. (14) in the Eq. (13), one obtains
oY

—Zl41=0
677+
Then the boundary conditions
0
ﬂ =1,F[h] = F[1 + ¢sinx] (15)
on
2 2 2\ 2
) dv ou k  Ov (u+1) k Ou v
=2 R — Re—+ § Re———— R 2(6 R —+ R
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A small Reynolds number (Re) and a large wavelength (J) are used to simplify the calculation. The solution
to the governing equations may be determined, and the equations in the question representable as

Op
op _ 1
oy =" (16)
o 1 1 0 , k+n o
oz K k+non [+ ) | P Mg, b (17)
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but
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Deriving the above equation with respect to n and doing more simplification
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3. The solution of This Problem

Using the perturbation method by expanding the stream function:

Y=vot o+ i

L _L_»n_m
k+n k k2 K3
R S W
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1 1 3n  6n?
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Substituting the above series (20) with the Eq. (19) then the solution
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The rate of volume flow can be expressed as

h
B .

P [ Godn= ()~ (-h)

And
¢ (h) =¥ (=h) = -F
Then at the upper sidewall of the tube ¢ (h) = —% and at the lower sidewall of the tube ¢ (—h) =

F

5.

Numerical computation of the dimensionless pressure rise over a single wavelength is performed using the
following equation.

4. The Analysis

In this section, we saw a visual representation of how various variables impact the final flow principles.
Graphical representations and analyses of changes the different variables in axial velocity, on the pressure
gradient, on the pressure rise, and on the stream lines are shown.
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4.1. The velocity profile

The velocity profile is visually shown by graphical analysis in the next Figures 2-7. The figures indicate
that the axial velocity displays a parabolic pattern.

Figure 2 illustrates the variation in velocity as the value of the parameter 7 rises. That velocity profile
seems to grow with increasing of 1 except when 17 = 0. For small values of k, Figure 3 describes the velocity
behaver for different value of the curvature parameter. The velocity profile is not symmetric and increasing
is some area and declines in another one. However, in Figure 4 the axial velocity attains to be symmetric
and fixed for large values of the curvature parameter. The association between the flow rate £’ and velocity
profile is illustrated in Figure 5. The velocity profile rises in the middle part of the tube and falls at inner
and outer sides of its.

Figure 6 depicts the velocity profile for various Hartman numbers. It has been shown that the axial
velocity grows with larger values of M. Figure 7 illustrates the velocity profile for increasing values of the
amplitude ratio parameter, which is denoted by as ¢. The velocity profile shows a reduction towards the
central region of the tube, while it shows an increase towards both the inner and outer walls of the tube.

u(n)

u(n)

Figure 2: The velocity profile for n with k=5, $=0.5, F'=1, Figure 3: The velocity profile for k=2,5,10 with ¢=0.5,
M=1. F=1, M=1.
T T T " F T
1.0F . “t
0.5 1 ' 1
0.0F ] 0
Y s -1
-10F . -2F ]
1.5 3
208 e e I 1] —4r . . ]
-2 -1 0 l 2 -2 -1 0 1 2
n n
Figure 4: The velocity profile for k=10, 50, 75 with Figure 5: The velocity profile for F'=1,1.5,2 with k=5, ¢=0.5,

$=0.5, F=1, M=1 Mel.
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Figure 6: The velocity profile for M=1,2,3 with k=5, Figure 7: The velocity profile for ¢=0.5, 0.75, 1 with k=5,
$=0.5, F=1. F=1, M=1.

4.2. The pressure gradient (%)

Figure (8-12) shows the behavior of the pressure gradient (%) for different values such that the curvature
parameter, the flow rate, amplitude ratio parameter, the non-Newtonian fluid number and the Hartman
number. These graphs show that the pressure gradient oscillates along the side walls of the tube. Figure 8
shows that % exhibits a rise when considering small values of the curvature parameter k . The impact of the
flow rate on the ( g—g) is presented in Figure 9. It can be seen how the pressure gradient falls when the value
of F' grows. Figure 10 illustrates the variations in the pressure gradient as the amplitude ratio parameter
¢ increases. The given case illustrates a rise in the pressure gradient. The visual outcomes of the pressure
gradient for the Non-Newtonian fluid number are depicted in Figure 11. The pressure gradient fixed with
an increase of N. As illustrated in Figure 12, the pressure gradient declines as the Hartman number rises.

0.0 0.0

dP/dx

1.0

X

Figure 8: The pressure gradient for k=3,5,10 with F'=1, $=0.5, Figure 9: The pressure gradient for, F'=0.5,1,1.5 with
N=25, M=1. k=5, $=0.5, N=25, M=1.
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Figure 10: The pressure gradient for ¢=0.5,0.75,1 with k=5, Figure 11: The pressure gradient for N=>5,25,50 with k=5,
F=1, N=25, M=1. F=1, ¢=0.5, M=1.

Figure 12: The pressure gradient for M=1,2,3 with k=5, F=1, $=0.5, N=5.

4.3. The pressure rise

The connection between the non-dimensional average pressure rise per wavelength and the dimensionless
mean rate of flow is the interest in this context. The investigation of © is carried out for various values of
the physical parameter. The impact of rising the value of curvature parameter, which is denoted by k, on
the pressure rise is displayed in Figure 13. The pressure rise per wave length verses flow rate © declines with
an increase of k in the region Ap > 0,0 > 0 and increase in the co- pumping region where Ap < 0,0 < 0.
Figure 14 is plotted to see the effect of various growing values of amplitude ratio parameter, which is denoted
by ¢, on the pressure rise. The pressure rise decrease is observed in the co-pumping area, whereas pressure
rise is observed in the free pumping region, where the change Ap = 0. Figure 15 has been devised to examine
the relationship between pressure rise and the increase of the non-Newtonian fluid number. It is evident that
is the pressure rise followed by a period of stability. Figure 16 depicts the impact of the Hartman number
on the pressure rise. It has been observed that there is an increase in pressure rise for rising values of M
in the free pumping region, where Ap = 0. Conversely, there is a drop-in pressure rise in the co-pumping
region.
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Figure 13: The pressure rise for k=5,15,25 with ¢=0.5, Figure 14: The pressure rise for ¢=0.5,1,1.5 with k=5,
N=5, M=1. N=5, M=1.
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Figure 15: The pressure rise for N=5,10,15 with k=5, Figure 16: The pressure rise for M=1,2,3 with k=5, ¢$=0.5,
¢=0.5, M=1. N=5.

The trapping phenomenon holds significant importance in the context of peristaltic motion. The trapping
phenomenon is caused by the circulation and separation of fluid bolus streamlines, which reveal a narrow
formation. Figure (17-23) display the generation of trapped bolus for the flow. For varying values of the
curvature parameters, as shown in Figure 17, the bolus or circulation region separates into two boluses, one
in the lower half and one in the upper half of the tube. When k is small, as in (a) the boluses are not
symmetric in shape and size around the center and conversely in (b), (c) for large values of k, the boluses
are symmetric in shape and size around the center. Figures 18 and 19 are set up to observe how the stream
lines behaves under the increase of amplitude ratio parameter. For both high and small values of k, the
streamlines break off into two asymmetric boluses at the center, with the boluses becoming bigger as ¢
increases. Figure 20 displays the streamlines corresponding to high values of the parameter k, illustrating
the effect of raising the flow rate F on the streamlines. The results indicate that the streamlines separate
into two distinct boluses within the lower and upper regions of the curved tube. These boluses exhibit
symmetrical characteristics in terms of shape and size, with their sizes proportionally increasing alongside
the increase of F'. While Figure 21 demonstrates that the boluses in the lower and upper of the curved tube
are not symmetric in shape and size by increasing the value of F' for small values of k. Figure 22 shows that
by increasing the value of the Hartman number when k is quite big, the boluses are not symmetric in shape
and size in the upper and lower parts of the tube, and the boluses shrink. Figure 23 shows that the boluses
keep their size and symmetry in the upper half of the tube by increasing the value of the Hartman number
for small values of k.
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Figure 19: The stream line for ¢p=1,1.5,2 with k=5, F=1, M=1.
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Figure 22: The stream line for M=1,2,3 with ¢=1, k=25, F=1.
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5.

Figure 23: the stream line for M=1,2,3 with ¢=1, k=5, F=1.

Conclusion

This research investigates the peristaltic transport of a Non-Newtonian fluid over a curved tube. This

analysis yielded major findings that may be simply summarized as follows:

1. The axial velocity has an upward relationship with both the magnetic field number (Hartman number)
and the flow rate F throughout the central region of the tube. Yet, it decreases towards the inner and
outer edges of the tube.

2. The magnitude of the pressure gradient (g—g) exhibits a drop as the flow rate F' and Hartman number

rise.

3. From studying the pumping regions, the pumping rate of the peristaltic non-Newtonian fluid declined

with a rise in the amplitude ratio parameter and Hartman number parameter.

4. For the small values of k, the boluses are not symmetric in shape and size around the center. While

for large values of k, the boluses are symmetric in shape and size around the center. Furthermore, the
boluses becoming bigger as the values of ¢ and F' increases.
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