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Abstract

The present paper introduces the novel subfamilies of regular and bi-univalent functions . The prominent
group of Fibonacci polynomial Vn(x,y) is utilized with subordination between regular functions in order
to shape these subfamilies. In addition we derive coefficients inequalities for functions belonging to these
subfamilies. Various results are exposed as separate cases of the current conclusions.
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1. Introduction and Fundamental Notions

Fibonacci polynomials, Lucas polynomials, Chebychev polynomials, Pell polynomials, Horadam poly-
nomial and their generalizations are widespread in the applied sciences such as Engineering, Physics and
Numerical analysis (see [1]). Many polynomials are used in the geometric functions theory; they have a
great impact on researchers of mathematics. Some fundamental concepts in geometric function theory, the
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well-known subordination notion and certain renowned problems like initial coeflicients estimate problem
are taken into consideration in these new subfamilies of regular functions. According to the special rela-
tionship between polynomials and regular functions, this helps us introduce two new families of regular and
bi-univalent functions in this work. After that, we have obtained the upper bounds for the initial coefficients
of functions that belongs to these new subfamilies. In addition, we present several corollaries and remarks
at the end of the main results.
The prominent Fibonacci polynomial is defined as follows

The Fibonacci polynomials are a polynomial sequence which can be considered as a generalization of the
Fibonacci numbers by a recurrence relation:

fn:fn,1+fn,2,f0:0,f1:1,(1122).

The researchers introduced a new generalization of the Fibonacci polynomial that is called generalized
bivariate Fibonacci-like polynomial in [2].
For n > 2, the generalized bivariate Fibonacci-like polynomials are defined by the recurrence relation

Va(z,y) = pxVao1(z,y) + ayVa_a(2,y),
where p, q positive integers, x,y € R, Vo(x, y) = a, Vi(x, y) = b, px,qy # 0 and
(pa)? +4qy # 0
The Fibonacci-like polynomials have generating function see [2]

a+ (b— apz)v

For the special cases of p,q,a,b and y we can get the polynomials given in the following Table

e

Vn(xa Y)
Bivariate Fibonacci F,(z,y)
Fibonacci F,(z)
Pell, P,(x)
Bivariate Lucas Ly (z,y)
Chebyshev of the second kind U, (z)
Horadam H,,+1(x)
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Let A be function of the form -
hv)=v+ Y V™ (1)
m=2

which belongs to A where A is the class of regular functions defined on the disk
U={veC:|v|<1},

with %(0) = 7/(0) —1 = 0 and let S be the subclass of A consisting of the form (1) which are also univalent
in U. The Koebe’s Covering Theorem [3] states for each i € S the image ¢ = h(v),v € U, in the ¢-plane
contains the disk{¢ : |t| < 1/4}. From this theorem, every function i € S has an inverse A~! which holds

-t (h(v)) = v, (v € U)
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).

f&)=h7t) =t —eot® + (265 — e3) t°
- (55% — Begeg + 54) th4 ... (2)

and,

=

B D) =1, (rtr < ro(),ro(R) >

where

A function h € A is called bi-univalent in U if both & and A~! are univalent in U. The class of all bi-
univalent functions in U denoted by ¥. This family was introduced by Lewin [4] and showed that |eo| < 1.5
for the function in the family 3. Recently, Brannan and Clunie [5] conjectured that |e3| < v/2. Netanyahu in

[6] proved that |es] = %. Recently, many authors introduced and investigated several interesting subclasses
of bi-univalent functions [7, 8, 9, 10, 11].
A regular function 7 is subordinate to regular function f, written

h <for h(v) < f(v), (veU). (3)
If there is regular function k : U — U, with k(0) = 0 and |k(v)| < 1 such that
h(v) = f(k(v)),v € U.
It follows from the definition that
h(0) = £(0) and A(U) C {(U).

For more details about the concepts of subordination (see [[12], [13], and [11]]).

In this present work, we introduce a new subclass of bi-univalent functions satisfying Subordinate con-
ditions and defined by Fibonacci polynomial. Also, we obtain the coefficient estimates for |e2| and |e3| for
functions of the new class.

2. The Family MP9$%Y (g, &, 3; ‘7) and the coefficients Bounds

Definition 2.1. We say that, i € ¥ given by (1) belong to MPG™Y (o, € 5 V) if it satisfies the following
conditions:

ol (v)  vh"(v) oV (v) + I (v)
S < By T ) ) ¢ <gvh'<v> i g>h<v>>

<X()=VEN @) +1—a,(vel)

and

tk'(t)  tk"(t) ot?k" (t) + tk'(t)
=9 ( FORMRY0 ) e (@tk’(t) (- @>k<t>>

<X(t)=VED (1) +1—a,(t €U),
where 0 < 0 < 1,0 < ¢ <1 and the function k = h™! is given by (2).

It is interesting to note that the special values of g, & and V lead the family MPDTY (9 €3 \7) to various
subfamily, we illustrate the following subfamily:

Remark 2.2. For o = 0,1, in MP9%Y (o, £, 5: V), we get the subfamilies MP9%Y(0,£,%: V) and MP9%¥(1,€,5; V),
respectively.
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Remark 2.3. Let V@) is Horadam polynomial with b = bx and y = 1, we have MP?: el €% )
this case for o = 0,1 be in this family. Then we get new families MP% 1(0 £, % V) and MP9% 1( ;
respectively.

In
V)

Remark 2.4. Let VE&Y) g Chebyshev polynomials with p = 2, b = 2t,x = t,y = —=1,g = l,a = 1 in
Theorem 1 we have M>Y%=Y (0, 3; V). In this case for o0 = 0,1 be in this family. Then we get new
families M21%=1(0,€, 5, V) and M>V%=1(1,€,5: V) respectively.

Remark 2.5. Let V@Y) s Fibonacci polynomials with p = q¢ = 1, b = 1,y = l,a = 0, we have
MULE (0, €535 V). In this case for o = 0,1 be in this family. Then we get new families M"1%1(0,€,%; V)
and MYLEL(1 € 5: V) respectively.

Remark 2.6. Putting £ = 1 in the family MP9%Y (o, €, %: V), we have Hﬁ%x,yy(h(v)) in this case for o = 0,1
we have Hfb’fgfdy(h(v)) and Hﬁ”%’x{y(h(v)), respectively [14].

In this section, we investigate coefficient estimates for the function in the family MP%¢%Y (g, &, %; f/)

Theorem 2.7. For, 0 <{<1and0<p <1, let h € ¥ given by (1) belong to MPT*Y (g, £, %, V), then

[bly/10]
leal < — _
VI =€) +26(1+2¢0)) — (5(1 =€) +&(1 + 0)2)] 0 — (pba + agy) (3(1 = &) + €(1 + 0))?]
» o
= Ga-grearor B0 22 )
Proof. Since h € MP9TY (g, €, %, V), there exist regular functions r,6 : U — U, such that
=> vk, O) = 04" and || <1,|0] <1, (6)
1 1
By Definition 2.1
B vi/(v)  V'(v) oV (v) 4+ vH (v) B y
-0 (o3 + i) € (o £ 0= oier) = O g
L (@) K1) ot?k” () + tK'(t) '\
-0 (o +5ey) + € (b 0= autm) = 5O )
It is possible to write that
X(r(v)) = 14 Vi(z,y)r(v) + Va(z, y)(x(v))?
+ Va(2,y) (x(v)® + (9)
X(0(t) =1+ Vi(x,y)0(t) + Va(x, y)(0(t))®
+Va(x,y)(0(1)° + (10)
Put (9) and (10) into (7) and (8) respectively and compare the coefficients, thus we get
(3(1 =€) +&(1 + 0))e2 = Vi(,y)r1 (11)
(8(1 =€) +2£(1 +20))es — (5(1 =€) +&(1 +0)%) &3
= Vi@, y)rs + Vo(z, y)r1” (12)

— (31 =¢) + &1+ 0))ex = Vi(x,y)01 (13)
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— (8(1 = &) +28(1 + 20))es + {2(8(1 =€)
+2£(1+20) — (5(1 =€) +£(1+ 0)) } &°
=V, (x,y)02 + Vg(x, y)01

From the equations (11) and (13), we can write

1 = —91

23(1 = &) +£(1+ 0))%e2” = Vi (z,y) (112 + 617)
5 Vi2(2,y) (r1? + 01?)
2B -9+ +0))?
By summing the equation (12) and (14), we reduce it
{[2(8(1 — &) +2¢(1+20)) — 2 (5(1 — &) +£(1 + 0)?)]
+2(3(1 =€) +£(1+ 0))*} &2
= ‘71(a?,y) (ro +0O2) + %(w,y) (1‘12 + @12)

€2

Put (15), (16) in (17), we get

V3(x,y) (r2 + 62)
2(8(1 — &) +2(1 +20)) — (10(1 = &) + 2£(1 + 0)?)]
Vi(x,y) — Va(2,y)2(3(1 = &) + £(1+ 0))?

Using (6) in above relation we get (4)
By subtracting (14) from (12), we have

€3 =

2(8(1 — &) +26(1 +20)) {e3 — &3} = Vi(z,y) (r2 — 62)

Using inequality (6) and relation (16) in above relation we get (5)

12 ‘ﬁ@wﬂ
BA—O+€0+0)  (B0-¢€) +2€01+20))

leg] <

(14)

(15)

(16)

(17)

By giving different values to the parameters in Theorem 1, we obtain some bounds on the coefficients e

and e3 of bi-univalent functions

Corollary 2.8. (i) Let h given by (1) be in the subfamily MP9%Y(0,¢,%: V). Then

o] < B[]
~ VB2 (3 = 2€) — (pbx + aqy) (3 — 26)?]
‘83’ < b2 + ‘Fl(x7Y)|

(3-20)*  (8-6¢)

(i) Let h given by (1) be in the subfamily MP9=Y(1,£,5: V). Then

ey o/
~ V(3 =€) — (pbx + agy) (3 — 26)?]
leg| < b’ + [P

(3-29)%  (8-2¢)

O
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Corollary 2.9. (i) Let h given by (1) be in the subfamily MP%%1 (o, € 2:V). Then

‘€2| S |b$|\/@
\/‘ [(8(1— &) +26(1 +20)) — (5(1 — &) + (1 + 0)2)] (bz)?

— (pba® + aq) (3(1 — &) + £(1 4 0))?

ot o
BA-8+&1+0)*  (B(1—¢) +26(1+20))
(i) Let h given by (1) be in the subfamily MP91(0,&,5; V). Then

les| <

2] < |bx|\/[ba|
~ VB —29)](bx)? — (pba? + aq) (3 — €)?]
(bx)? [bx]

les| <
(

3-20)?2  (8-6¢)

(iii) Let b given by (1) be in the subfamily MP9%1(0,€,5: V). Then

el < |bx|+/|bx]|
~ VB = 8)](bx)2 — (pbx + aq) (3 — £)?]
ey < X2 Ibx]

(3-¢ (8-25

Corollary 2.10. (i) Let h € ¥ given by (1) in the subfamily M>Y %10, €, 5: V) and V&) be Chebyshev
polynomials with p =2, b=2t,x=t,y=—-1,q=1,a=1. Then

ool < |2t /12¢]
~ V(=€) +26(1+20)) — (5(1 = &) +£(1 + 0)%)] 412 — (42 = 1) 3(1 — &) + £(1 + 0))?]
4t2 |2t
les] <

B -6+ &0+ )P ' (B — ) +2&(1+20))
(ii) Let h e X given by (1) in the subfamily M>1%=1(0,£,5: V). Then

oo < |2t]+/]2t]
~ VB - 28482 — (42 — 1) (3 — 28)?|
442 It]

(B-202 " 1-3¢

les] <

(iii) Let h € ¥ given by (1) in the subfamily M>Y%=1(1,£,%; V). Then

o] < 12t[+/]2t]
T VB4 — (42— 1) (3 - &)
5] < 4t2 N It|
(3-¢62 " 4-¢

Corollary 2.11. (i) Let h € & given by (1) in the subfamily M5V %1 (0, &, %; V) and V&) be Fibonacci
polynomials withp=q=1, b=1,y=1,a=0. Then
1
~ VIIE ) +26(1+20)) — (5(1 = &) + (1 +0)*)] — B(1 — &) +£(1 + o))
1 1
+
BA-+&1+0)*  (B(1—¢) +26(1+20)

le2| <

\53! <
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(i) Let h e X given by (1) in the subfamily M“11(0,€,%; V). Then
2l < 1
2| <
VI3 —2€] = (3 - 26)%]

les| < ! + L
(3-26)%  (8—-6¢)

(iii) Let h € ¥ given by (1.1) in the class M1 (1,€,%; V)

1
<
s e G oeral
1 1
(G- 52

leg| <

3. The Family 8(®:92¥)(~,d; V) and the coefficients Bounds

Definition 3.1. We say that h € ¥ given by (1) belong to B (Pa:.y) (v, d; V) if it satisfies the following

conditions: q ) h”
—7 il V(@) 1— U
7+ |aes ()| #30 =¥ m +1-awew

and

3;1 - [fjv (1 - ti(g)ﬂ <X(t) =VEI(t) +1-a, (teU),

where , 0 < d < 1,0 <y <1 and the function k = h™! is given by (2).

It is interesting to note that the special values of d and V lead the family B®-2:2:y) (v, d; f/) to various
subfamily, we illustrate the following subfamily

Remark 3.2. Ford =1, in BP9 (v, d; V), we get BPLEY) (~, 1, V).

Remark 3.3. Let V(@) is Horadam polynomial with b = bz andy = 1 in Theorem 2, we have B®3:®: 1)(7 d; V) n
this case for o = 0,1 be in this family. Then we get new families BP4%Y)(y,0; V) and BPD=Y) (v, 1;V)

respectively.

Remark 3.4. Let V®Y) s Chebyshev polynomials with p = 2,b = 2t,z = t,y = —1,¢ = l,a = 1 in
Theorem 2 we have B>1%~1(~, d; V) In this case for d = 0,1 be in this family. Then we get new families
B2LE=1(~,0; V) and B>H* _1(7,1 V) respectively.

Remark 3.5. Let ‘Z(“’Y) is Fibonacci polynomials withp =q =1, b =1,y = 1,a = 0 in Theorem 2, we
have BL1X1) (~, d; V). In this case for o = 0,1 be in this family. Then we get new families BAIx1(y 0, V)
and %(1’1”"1(7, 1; V) respectively.

Remark 3.6. Putting d =~ in the family BP32Y) (v, d; V), we have Hﬁ’%}ﬁ’y(h(v)) [14]:
In this section, we investigate coefficient estimates for the function family 9B ®:¢®) (v, d; f/)
Theorem 3.7. For, 0 <y <1 and 0<d <1, let i € & given by (1) belong to BPL2Y) (~ d; V), then
(d+ )BT 1)
2/(d+7)b? = 4(pbz + agy)]

@+ | ([d+7)[Fi(a,y)
16 12y

|lea| <

le3] <
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Proof. Since h € BP2%Y)(~, d; V), there exist regular functions, r, ® : U — U such that r(v) =Y vk, 0t) =
S2° Otk and |ry| < 1,10k < 1, By Definition 2.1

d—~ 2 vh(v)
d+v+[d+v(y+h%0>}<%W)
=VEN(v)+1—a, (vel) (20)

and

d—~ 2y tk"(t)
dry " [d+'y <1+ 1409 )] <2
=VEN(#) +1—aq,(t € U), (21)

Put (9) and (10) into (20) and (21) respectively and compare the coefficients, thus we get

4y

-V 29
d+'y€2 1(90,}’)1"1 ( )

12y 8y 2 Y ¥ 2

_ — 2
d+7% d+7@ Vi(z,y)re + Va(z,y)r17, (23)
4ry ~
_ =V 0 24
d+"}/€2 1(x7Y) 1 ( )
16 12 ~ ~

T e? Ly = Vi(,)0, + Va(z, )0, (25)

5 —_—
d+~ > d+~v

From the equations (22) and (24), we can write

1‘1:—01
d 2\7‘2 , 2 02
o2 = 4 Ty (r12 + 0:7) o)

By adding the equation (23) to the equation (25), we reduce it

8 - -
- j 7622 =Vi(z,y) (2 + 02) + Va(z,y) (112 + ©1%) (27)

Put (26) in (27), we get )
(d+7)?Vi’(z,y) (r2 + ©2)
8( d+ 7)\71(:[;7 Y) - 32\72(1'7 y)

3=
In view of (6), we conclude that (17).
By subtracting (25) from (23), we have

24~
d+~

(63 —€3) = Vi(z,y) (r2 — ©2)
Put (26) in above equation and using (6), we get

A+ | @+l

<
les] = 5 12

By giving different values to the parameters in Theorem 2, we obtain some bounds on the coefficients €3
and e3 of bi-univalent functions O
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Corollary 3.8. (i) Let h given by (1) be in the subfamily B®32Y)(y, 1;V). Then

e QEyblVE
= 2/](147)b% — 4(pbx + aqy)

&3] = (1+7)%° L @+ )
3 16 12+ '

Corollary 3.9. (i) Let h € ¥ given by (1) in the subfamily B®PL*V (y d; V) and V&) be Horadam
polynomial with b = bx and y =1 Then

PR R N
= 2y/[(d + y)b? — 4(pbx + aq)]

(d+7)2(bz)?  (d+ )bz
el = 16 T,
S

(ii) Let h given by (1) be in the subfamily BPI=Y)(~, 0;V). Then

el
B 2\/|'ybx2 -4 (pbx2 + aq)‘
5] = 7 (bx)* | [bx]
T 12

(iii) Let h given by (1) be in the subfamily B®P3%Y) (5 1;V). Then

e )by
21 >
2¢/1(1 + 7)(bx)? — 4 (pbx? + aq)
2 2
les] = (1 +’y1)6(bx) N (1 qlLQ"yy)bX

Corollary 3.10. (i) Let h € ¥ given by (1) in the subfamily BP4=Y) (v, d; V) and V@Y) be Chebyshev
polynomials withp =2, b=2t,x=t,y=—-1,q=1,a=1. Then

(d+)[t]\/12¢
lea| <
2v/|(d + )t — (482 — 1)
(@) (d+y)lt
les| = 4 + 6y

(i) Let h e X given by (1) in the subfamily BZ16=1 (5, 0, V). Then

o) < VP

2| <
2/ — (42— 1))

2,2
7t It]
< — 4+ —
les] < 4 6

(iii) Let h € ¥ given by (1) in the subfamily BZL4=D(y 1; V). Then

SR T Vel
= JA A — 422 1)
L+ 1+l

4 6

les] <
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Corollary 3.11. (i) Let h € ¥ given by (1) in the subfamily BL1D (5, d; V)y and V@Y) be Fibonacei
polynomials withp=q=1, b=1,y=1,a=0. Then

o] < ——2+)
~ 2/[(d+~) — 4z]

d+~)?2  (d
|53|§( +7) +( +7)
16 12

(i) Let h e ¥ given by (1) in the subfamily BL1%V) (~y,0; V). Then

oo < — L
2y/|y — 4zl
2
0 1
< 4=
el < 16+ 12

(iii) Let h € X given by (1) in the subfamily BL1®Y) (v, 1; V). Then

(1+vy)
2¢/](1 +7) — 4x|
(1+9)?*  (1+9)

<
lesl < 5+ 12

lea| <

4. Subordination and Applications

The unseen body’s reaction to electromagnetic radiation has been tackled recently in RCS studies. The
scientific community has witnessed a growing interest in Electromagnetic cloaking, particularly among those
investigators who improve so named met materials-artificial composites that contain striking electromagnetic
features. From mathematical perspective, both the cloaked object and the two-dimensional cloak are possible
to be regarded as simple linked districts in complex level. The two districts are equal to conformal maps
that relate to unit circle as it stated in Riemann Mapping Theorem. Let us consider the function g(z)
symbolizes the cloaked object while the function ¢(z) denotes the cloak. Then, we obtain the following:

9(2) < q(z).

As the cloak relies on unseen body as well as the rays echoed by the body, a cloak may exist for not
comprising all mirrored rays. Accordingly, it is enhanced to be a three-dimensional cloak.

5. Discussion of the results

This work presents the upper bound of the initial coefficient, and the possibility of these coefficients that
affect the ranges of functions in the following new families MP9%Y (o £, 3; \N/) and B P:2:2y) (v,d; \7) In this
regard, the two-dimensional cloak and the covered object can be regarded as simple connected regions in a
complex plane. Through considering the parameters in Theorems 2.7 and 3.7, various interesting as well as
particular cases of the main theorems are highlighted in the form of corollaries.
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