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Abstract

In this work, we study a coupled Schrédinger equation with an internal fractional damping. First, we
reformulate the system into an augmented model and we establish the existence of the solutions through the
theory of semigroup. Then, we prove the strong stability using the theorem of Arendt-Batty. A polynomial
decay of the energy is shown by applying the theorem of A. Borichev and Y. Tomilov. Finally, we show the
optimality decay by proving the lack of exponential stability.

Keywords: Coupled Schrodinger equation, Internal fractional damping, semigroup theory, polynomial
stability.
2010 MSC: 35B40, 35Q41, 93D15.

1. Introduction

In this paper, we are concerned with the existence and decay properties of solutions for the problem of
a coupled Schrodinger equation of the type

iug(z,t) + Au(z, t) +iy0*"Mu(z,t) +ifv(z,t) =0, inQ xRy, (1)
ivg(z,t) + Av(z, t) — ifu(x,t) =0, in Q x IRy,

where €2 is an open bounded domain of IR™ with sufficiently smooth boundary, 5 > 0 and the term 0*"
stands for the generalized Caputo’s fractional derivative of order o with respect to the time variable (see
[8]), which is defined by

1 t
O*Mw(t) = ) / (t—s) e M Dw(s)ds, 0<a<l, n>0,
0

I'Nl—a

Email addresses: louhibiben@gmail.com (Naima Louhibi), fekirini_khadidja@yahoo.fr (Khadidja Fekirini),
ibrahimmeradjah72@gmail.com (Meradjah Ibrahim)

Received September 20, 2023; Accepted: November 28, 2023; Online: December 24, 2023.



N. Louhibi, K. Fekirini and M. Ibrahim, Adv. Theory Nonlinear Anal. Appl. 7 (2023), 01-14. 2

where I' denotes the Gamma, function.
The system is subject to the boundary conditions

u(z,t) =v(z,t) =0, in0Q xIRY.
This system is finally completed with the initial conditions
U($, 0) = uO(aj)

and
v(z,0) = vo(x),

where the initial data ug and vg belongs to a suitable function space.

This work is inspired by recent work published in [13].
Systems of coupled second order differential equations arise in many problems in molecular quantum
physics.

Several authors studied the Schrodinger problems in bounded or unbounded domains.
In [10], Lin et al. treated the nonlinear problem

—Au+ (uVi(z) + a)u = f(z)|ulP2u+ B(z)v, = IRV,
—Av + (uVa(z) +b)v = g(x)|v|P~2v + B(z)u, 2 € RV,

where N > 3,2 < p <2 a,b€ IR such that a > =\ (1), b > —A1(Q2) and A\ (€;) is the first eigenvalue of
—Ain H} (), 1> 0, Vi and V3 are potentials wells with bottoms €; = int V;~'(0), the weight functions f
and g are continuous and nonnegative in IR”, and the coupling function 3 is related to the potentials Vi, Vs
and parameters a,b. The authors obtained some results of the existence of positive ground states to a linear
coupled Schrédinger systems in a bounded domain.

Very recently, In [5], Bhandari et al., studied the well-posedness and the controllability in a bounded
domain in IR, more precisely, in € = (0.1) of the problem

iug(t, ) + g (t, x) — ayu(z,t) =0, in (0,7) x Q,
iov(t, ) + Y2vzz(t, ) = 0, in (0,7) x £,
’LL(O,:L‘) = ’U'O(x)v ’U(O,:L‘) = ’Uo(.’IJ), in ,

where the constants o, 71,71, a1, @y are positive and (ug, vg) are given initial data in certain spaces. Their
motivation comes from the following system

iug(t, ) + puge(t, x) — Ou(z, t) + u(t,z)v(t,z) =0, t>0, z € IR,
iov(t, 7) + quas (t,2) — ov(t, @) + Su¥(t,2) =0,
w(0,2) = uo(z), v(0,2) = vo(x),

1
where u and v are complex-valued functions and 0,0 and a := — are real numbers representing physical
o

parameters of the system, where ¢ > 0 and p,g =1 or p,q = —1.

Recently, in [16], Zhang studied the stability of a Schrodinger system with one boundary damping,
which consists of two constant coefficients Schrodinger equations coupled through zero-order terms which
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describes molecular multiphoton transitions caused by a laser [3]. The system is given by

iy + pAy +az =0, in Q x (0,+00),
iz + Az + ay =0, in 2 x (0, +00),

y =0, on I'; x (0,4+00),

7y =1 Iy x (0 + )
2 on (0. ¢]

v Y, 2 ) )

z2=0, in I x (0, +00),
y(0) = yo,2(0) = 2o,  in €,

where p is positive constant, a € IR*, Q2 € IR"(n € INT) be a bounded domain with C? boundary 9 = I'
and v is the unit outward normal vector of I'. Assume that ' =Ty Uy, T1 NTy =0, Iy # () and 'y # 0.
In first time, the author used the asymptotic expansions of eigenvalues to show that the system is not expo-
nentially stable when p = 0, and he proved that the energy decay rate of the multidimensional Schrodinger
system is ¢~1 for sufficiently smooth initial data when p = 1, |/ is sufficiently small, and the boundary
of domain satisfies suitable geometric assumption using the frequency domain approach and the multiplier
method. Next, he showed that the strong stability of the system is determined by p and «. Finally, by using
the frequency domain approach and solving the resolvent equation of unbounded operator, he proved that
the energy of the system decays polynomially and the decay rate depends on the arithmetic property of p
when p # 1.

Moreover, in [9], Hamchi et al. considered a coupled system of two complex Schrodinger equations with
variable coefficients where the boundary feedback appears only in one of the equations. They considered
the same geometric assumptions as in [16], the system is given by

e + Ay +az =0, in Q x (0, +00),
iz + Az +ay =0, in Q x (0, +00),
y =0, on I'; x (0,4+00),
0

2V 4 by, =0, on T3 x (0, +00),
Oova

z=0, in I' x (0, +00),
y(0) = yo,2(0) = 29, in Q,

where A the operator defined by

"9 oy
Ay — — =g ()22
y Z 8.1‘1 < Z]( )6.Tj>’
2,7=1
it is a second order differential operator with real coefficients a;; = a;; of class C! and satisfies the uniform
ellipticity condition.
a and b are two functions in L*°(2) such that for some constants a., b, > 0, we have

ax <a(zr), VeeQ, and b, <R(b(z)) =0b(z), Yzel.

This type of system describes a particle in a box with two levels internal and subject to a wave resonant
laser with the transition between the two energy levels [15].

The authors proved that they can apply the Riemann geometric approach to the coupled complex Schrodinger
equations with variables coefficients and by adapting the method of Alabau developed in the context of
coupled real wave equations with constant coefficients used in [1], they can get the indirect boundary sta-
bilization of the system.

This paper is organized as follow: In Section 2, we present some preliminary results and we reformulate
the system given into an augmented system. In Section 3, we prove the well-posedness of the system by
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semigroup theory. In Section 4, we prove an asymptotic and polynomial decay. First, we prove the strong
stability using the theorem of Arendt-Batty [2]. Next, we establish the polynomial decay of the energy by
the theorem of A. Borichev and Y. Tomilov [6]. In Section 5, we show the optimality decay by proving the

lack of exponential stability of solutions.

2. Preliminary results

2.1. Augmented model

In this section we reformulate (1) into an augmented system. For that, we need the following auxiliary

results.

Theorem 2.1 (see [12]). Let u be the function:
u(€) = €)% N2 _so <€ <400, 0<a< 1.

[ is an even non negative measurable function verifying

+o00 52
/_oo fi;d& < 4-o00.

The relationship between the “input’ U and the ‘output’ O of the system

0z, &,t) + €202, &, 1) + nb(x, &,t) — Ut)pu(€) =0, —o0 < & < 400,1 > 0,t >0,

9(1'7 ga 0) = Oa
+oo
O(t) = (m) " sinfar) [ p(©8(z.€)de,
s given by
Ot) = I'"U (1),
where . .
10 = g [ 0= e (e,

Here, taking the input U(x,t) = u(x,t), then combining (1) with (7), we obtain

1 t
O(t) = I'™" Mz, t) = ] / (t — ) % "Dy (x, s) ds = 9z, t).
0

'l -«
By substituting this equality into theorem 2.1, we get
0w, &,1) + (€2 + M0z, &.1) — UB(E) =0, (2,6,8) € 2 x R x IRY,

0(x7 67 O) = 07 (:I:7 f) e Q X ]R"
+o00
0 u(a, )~ () sinfam) [ p©8(z,dE =0, (@.6,6) € QX RT,
Using now the representation (8), system (1) can be written as the augmented model:
+oo

ut(x?t) - zAu(x,t) + :7/ ,U(g)'g(.%,f,t) d§ + IBU(Qf,t) =0, z€Q, t>0,
ve(x,t) — iAv(z,t) — pu(z,t) =0, x e, t>0,
00(x, &, t) + (€ +m)0(x,&, 1) = p(§)u =0, r€Q, EER, t>0,

(z,t) = 0,v(x,t) =0, e, t>0,
(2,0) = up(x),v(x,0) = vo(x), x €9,
( =0, r e, £e€lR,

9)
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1

with 7 = 7~ sin(am).

We define the energy associated to the solution of the problem (9) by the following formula
1 1 5
E(t) = 5”“”%2(9) + 5”“”%2(9) + 5”‘9||i2(§2><(7oo,+oo))' (10)

Lemma 2.2. Let (u,v,0) be a reqular solution of the problem (9), then the energy E(t) satisfies

d

+oo
Ge0==7 [ [ @ +nipenfis <o (1)

Proof. Multiplying the first equation of (9) by @ and the second one by v, integrating over 2 and multi-
plying the third one by 76, integrating over 2 x (—oo, +00) and applying the Green formula we get the result.

We shall need the following lemma in all sections.

Lemma 2.3 (see [4]). If A € D, =C\] — oo, —1)| then

oo /~L2(£) _ 7T a—1
/OO )\+7]+§2d§_sina7r()\+n) '

3. The well-posedness of the problem

This section is concerned to the well-posedness results of the problem (9) using a semigroup approach
and the Lumer-Philips theorem.

Introducing the vector function Y = (u,v,0)”, then system (9) is equivalent to

oY = AY,
{ Y (0) = Yo = (uo, vo,00)", (12)
where the operator A is defined by
“+oo T
AY = (iAu - fVV/ w(€)0(z, €)dE — v, iAv + fu, —(£2 +n)0(z,€) + u(f)u) , (13)

with domain
(u,v,0) in H :u,v € HX(Q) N HL(Q),
+

oy - ] ibu=7 [ @i e @), (1)

(€24 0) 0+ wnl€) € LA(Q x (—o00, +00)),
€16 € L2(Q X (—00, +00)),

where

H = L*(Q) x L*(Q) x L*(Q x (—o0, +0)),
equipped with the inner product

- _ _ too
<Y,Y>H:/uﬂdx+/vﬁdx+’y// 00dédx,
Q Q QJ—co

for Y = (u,v,0),Y = (@,0,0) € H.

The main result in this section is given by the following theorem
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Theorem 3.1. (1) If Yy € D(A), then system (12) has a unique strong solution
Y € C°(IR,, D(A)) N CYHIR, H).
(2) If Yo € H, then system (12) has a unique weak solution

Y € CO°(R,, H).

Proof. To prove this result we shall use the semigroup approach, in particular Lumer-Phillips theorem.
Since for every Y € D(A), we have

“+oo
ROAY, Y ), :—7// (€2 + 1)[0(x, )2 dédz < 0. (15)

Then A is dissipative.
Next, we prove that the operator I — A is surjective. For this purpose, let us take
F = (f1, f2, f3)T € H, we prove that there exists Y € D(A) satisfying

Y —AY = F. (16)

Equation (16) is equivalent to

+oo
u—iAu—i—ﬁ/ w(&)f(x, &)dé + v = fi,

v—iAv—Bu—= fo, (17)
0+ (&2 +m0 — p(§)u=fs.
Using (17)3, we obtain
_ (2,6 + p@u
Oa,) = AT, (18)
By substituting (18) into (17);, we get
. ~ oo u 2 o ~ Hoo f3($7£)
U—ZAU+’Y/_OO m# (f)df‘FﬁU—fl—V/_m m#(f)d& (19)
then, the variational formulation corresponding to (17) is
B(¢,w) = L(w), (20)

with ¢ = (u,v), w = (w1, w2) € (H}(2))? and B is the sesquilinear form given by

/uwl—l—/vwg—z/Auwl—z/Avwg—B/uwg—l-ﬂ/vwl

déd
+7//OO£2+ +1w1§m,

and £ is the antilinear functional defined by

= [ rmae—7 [w [T EED D e [,

It is not hard to verify that B is continuous and coercive and L is continuous. Consequently, by the Lax-
Milgram theorem, system (20) has a unique solution (u,v) € (H(Q2))?, for all w € (H}(£2))?. Applying the
classical elliptic regularity, it follows that (u,v) € (H?(2))?. Therefore, the operator I — A is surjective.
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4. Asymptotic behavior

4.1. Strong stability of the system

This section is devoted to study the strong stability of solution associated with the problem (12). For
this aim we apply a version of the Arendt-Batty and Lyubich-Vu for Hilbert spaces [2], [11].

Theorem 4.1 ([2], [11]). Let A be the generator of a uniformly bounded Cy-semigroup {S(t)}+>0 on a Hilbert
space H. If:

(i) A does not have eigenvalues on iIR.
(i1) The intersection of the spectrum o(A) with iIR is at most a countable set,
then the semigroup {S(t)}+>0 is asymptotically stable, i.e, ||S(t)z||y — 0 ast — oo for any z € H.
Our next main result in this part is the following theorem.

Theorem 4.2. The Cy-semigroup {S(t)}+>0 is strongly stable in H, i.e, for all Yo € H, the solution of (12)
satisfies
Tim [[S(2)Yall = 0.

In order to prove Theorem 4.2, we need the following two lemmas.
Lemma 4.3. For all A € IR, we have i\ — A is injective, that is
Ker(ixl — A) = {0}.

Proof. Let A € IR be such that i)\ is an eigenvalue of the operator A and let Y = (u,v,60) € D(A) be a
corresponding eigenvector such that
AY = i)Y. (21)

Equivalently,

+oo
iz — iAu + "?/ O(x,&)u(&)de + fv =0,

X — iAv — Bu =0, (22)
iN0 + (€2 4+1)0 — p(é)u = 0.
From (15) and (21), we obtain
~ MR 2
0=RAY. V== [ [ €+ n)loGe. ) ded
It’s clear that
0(z,&) =0 ie. in Q x (—o0,+00). (23)
By substituting (23) into (22)3, we obtain
u =0,
SO
v =0,

it follows that Y = 0.

Lemma 4.4. Ifn>0and A € IR orn =0 and A € IR, then i\l — A is surjective.
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Proof.
Case 1: \ # 0. Let F = (f1, fo, f3)T € H be given. We search for Y = (u,v,0)T € D(A) such that

(iX[ — A)Y = F.

Equivalently, we have

+oo
Mu—z’Au—i—?/ O(x,&)p(&)de + v = fi,

iAo — iAv — Bu = fo, (24)
N+ (€2 +m)0 — p(§)u = fs.
Using (24)3 we can find 6 as
f3(@,8) + p(&)u
Oz, g) = PG (25)
By substituting (25) in (24);, we obtain
+o0 +oo
idu—iAu + ’i/ m;ﬂ(fg)dg +pv=fi— ’i/ mmi)df, (26)

Solving system (26) is equivalent to finding u,v € H*(Q) N H} () such that

)\/uw1+>\/vw2—/Auw1 /Avwg—i-zﬂ/uwg—zﬁ/vwl—w// §2+ + )\wldfdm
o0 n

:_Z/flwlderW/ /;Oo'ézi7§+l)\d§dx /f2w27

Then, the variational formulation corresponding to (26) is

By, w) = L(w), (27)

where the sesquilinear form B and the antilinear form £ are defined by

B(y,w) = )\/uwl—i—)\/vwg—/Auwl—/ﬂAva—i-iﬁ/Quwg—iﬁ/val

— déd
”//m £2+n+mw1 S

_ _1/f1w1dm+w/ /;OoézingMdgdm /fawz,

with ¢ = (u,v), w = (w1, w2).

It is easy to verify that B is continuous and coercive, and L is continuous. Owing to the Lax-Milgram the-
orem, we conclude that for all w € (H}(2))? the problem (27) admits a unique solution (u,v) € (H}(£2))%.
Applying the classical elliptic regularity, it follows that (u,v) € (H?(2))2. Therefore, the operator i\l — A
is surjective.

for all wy,ws € HE(Q).

and

Case 2: A =0 and 71 # 0. In this case the system (24) is reduced to the following

+oo
CiAu+ / 0z, E)p(€)de + fo = fu,
—iAv — fu = fy,
(&4 n)0(& z) — p(u = f.
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Using (28)3, we get
o, ) + w(&u

0z, &) = 29
(@)= PG HL (29)
From (29), we obtain
o T fy(z,€)
-A+~/ 2(¢)de + Bv = ~/ ’ de. 30
Solving system (30) is equivalent to finding u,v € H*(Q) N H} () such that
/Auwl—z/Avwg—ﬁ/uwg-i-ﬁ/vwl—l-’y// 52 w1dédx
e f3
f1w1 dx — dfd + f2w2,
for all wy,wy € HL(S).
Then, we get the following variational formulation
B (u,w) = L' (w) (31)

where the sesquilinear form B’ and the antilinear form £’ are defined by

/Auw1 /Avw2+zﬁ/uw2—zﬂ/vw1 w/ /Oo {2 wldﬁd:p
R R B

with ¢ = (u,v), w = (w1, ws).

It is not hard to verify that B’ is continuous and coercive, and £’ is continuous. Using the Lax-Milgram
theorem, we deduce that for all w € (H}(2))? the problem (31) admits a unique solution (u,v) € (H}(£2))2.
By the regularity theory for the linear elliptic equations, it follows that (u,v) € (H?(2))2. Then, the oper-
ator tAl — A is surjective.

and

According to lemmas 4.3, 4.4 and Theorem 4.1 the Cp—semigroup {S(t)}+>0 is strongly stable in #.

4.2. Polynomial stability

In this section we will prove a polynomial decay rate, our main result is the following theorem.

Lemma 4.5. Assume that A is the generator of a strongly continuous semigroup of contractions {S(t)}+>0
on a Hilbert space H. If
iR C p(A), (32)

then for a fized | > 0, the following conditions are equivalent:

lim sup (Al — A)_IHC(H) < 00, (33)

A= TR W |

(&
IS@¥oll, < S¥ollbay, Yo € DAY, for some 0> 0 (34)
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Theorem 4.6. The semigroup {S(t)}+>0 is polynomially stable and
1

2
0=

E(t) = |S(t)Yoli3, <

1Yol B ay- (35)

Proof. Suppose that the condition (33) is not satisfied. By an argument of contradiction, we suppose
that there exist a sequence A, € IR and A, — 400 if n — oo and a sequence Y,, = (un, v, 0,) € D(A)
such that

1Yol =1, (36)

and 1
Jim )\IH(MnI — A) Ml = +oo. (37)
For simplification, we denote A, by A and Y,, by Y = (u,v,0) and
Fn = )\fq(l)\nl - A)Yn = (flna f2n)f3n)7

by
F = MN@GM — A)Y = (f1, f2, f3).

From ( 37), we obtain

. . _ [T f1 2

1Au — iAu + '7/ O(x, &, t)pu()dé + pv = i\ — 0, in L°(Q)

i\ —iAv — fu = % — 0, in L*(Q) (38)
iN 4+ (€2 4+1)0 — p(é)u = % — 0in L*((Q)x] — 0o, +00])

We need the following results.

Lemma 4.7. Under (38) we have

MR 2 o(1)
L@+ niow ek deas = 27, (39)
+o0 o
/Q/_OO 10(z, &) dédz = S) (40)
and . )
LI wewa) =23, (a1)

Proof. From (15) and (37), we have

+o0
RUAY =AYV ) =7 [ [ €+ n)lote. ) dedo = o)

which implies (39).

The estimation (40) is a consequence of

/Q/_;m|9<ff’f>l2d€dw </ /_:0(52+77)|9(f€7€)|2d£dx.

Since Y € D(A), by using Cauchy-Schwarz’s inequality and (3), we have

2 wee( [ (€ +m) 7 u(©)|*dg +00(52 +n)|0(x, &) de.
J ( )L

+oo
JRGIEE ]
This proves (41).

— 00
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o(1
/Q jule) P = )

Lemma 4.8. We have

Proof. From (38)3, we have

/3

(A +€ 40~ 2 = u(@)n(©). on @
Multiplying it by (i\ + &2 + n)~2|¢|, we get
(A + & + ) 2lu(x)p(€) = GA+ 2 +n)"HElO — A+ & +n)” 2|§| Vz € (. (42)

AL

By taking absolute values of both sides of (42), integrating over (—oo, +00) with respect to the variable £
and using Cauchy-Schwarz’s inequality, we obtain
1
2 2
ds) (43)

st <u ([ @ +n>|e<:c,s>|2df>é +V (/M B

—00 —00

with
|1 — 20| ™ A+ |<2a 5)
n
|sin% |

+o0o
oy /_ (it € + ) 2€lule) de| =

+00 %
u= ([T ealtae) < VEG N +al

— 00

+oo % L
v:</ (!i)\+§2+n\)4|§‘2d§) §2<%||/\|+n\7)1 |

—00

By using Young’s inequality and integrating (43) over {2, we obtain

[ <2 [ [ @ s miowop i+ 25 [ [

It is easy to verify

¥ dfdx.

= O(N*2), V2=0(\"2) and U%=O(\ 2).

Using (38) and (39), we obtain

)\a—l—l-l )\a+2l )\a—l—l-l'

o(1
/Q|v(a:)]2dx = )\1(_()1.

Proof. Multiplying (38); by v and (38)2 by u, summing and taking the real part, we get

gl = ([ 27 - [ os [ £ BE) + sl

Using Cauchy-Schwarz’s inequality and Young’s inequality, we obtain for enough small e

2 < 2
ol < grg [ L] aot ore [ verars ]

Lemma 4.9. We have

—0o0
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12

1

R

From (39) and (3), we deduce that

1
/ ol + 5 [lul® + Blul®
Q

1 1
||UH2 = OE\I) + +)\2(1)+1‘
Then
+oo
V2 = /Q () e + /Q o) Pdz + 7 /Q / 10 o) dsda
o(1)

)\a—l—i—l

Taking [ = 1 — «, we deduce that ||Y|| = o(1) which is a contradiction with (36), consequently (33) holds.

The proof is thus complete.

5. Lack of exponential stability.

In this section, we will study the lack of exponential decay of solution of the problem (12). We will use

the following theorem.

Theorem 5.1 ([14]). Assume that A is the generator of a strongly continuous semigroup of contractions

{S(t)}+>0 on a Hilbert space X. Then S(t) is exponentially stable if and only if
p(A) D {ix: A e R} =ilR

and o
i) o0 | (GAT = A) 7| ) < 00

Our main result is the following theorem.
Theorem 5.2. The semigroup generated by the operator A is not exponentially stable.

Proof. Let us consider the spectral problem

Awn = _knwna in Q7
Pp =0, on 011,

where 9, € L?(Q) and (k,,),n € N are positive and
k, — +00 as n — 0.
We will show that there exists a sequence of values A, such that

H(i)\nI—A — 00,

)_IHL(X)

(45)

(46)

(47)

it is equivalent to prove that there exist a sequence of F,, € H and a sequence of real numbers \,, such that

| (iAn] — A) " Fy |, — oo,

where

MY, — AY, = F,,
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with Y, is not bounded.
To simplify the notation we will omit the index n.
The equation (48) becomes

“+oo
i — iAu 45 / 0, )u()de + fu = fi,
iAv —iAv — Su :oofg, (49)

A+ (6% + )8 — u(&u = f3.
Let us consider fi =, fo = k21, and f3 = 0, then the system (49) becomes

+oo m
A — 1A —i—~/ —_—
At TS T N S e i/
iz — iAv — Bu = k2.

We look for solutions of the form
u = ay and v = by,

with a, b €.
Then, using the expression of 7 and lemma 2.3 the system (50) becomes

2iaky, + ay(ik, +n)* "1+ pb =1,
2ibk, — aa = k2,

therefore a and b satisfy the linear system

2iky +F(ikn + )t B a 1
- 2iky, b k2

Hence
20k} + K2 (ikn + 1) + B
C —4k2 + 2k, (iky + )0t + B2

Recalling that v = bi),, then [|v,]|> — oo as n — +oo. Therefore, we get

|Yn]|? — +o0 as n — oo.

The proof is now complete.

References

[1] F. Alabau, Indirect boundary stabilization of weakly coupled hyperbolic systems, SIAM J. Control Optimization 41 (2002),
511-541.

[2] W. Arendt and C. J. K. Batty, Tauberian theorems and stability of one-parameter semigroups, Trans. Am. Math. Soc. 306
(1988), 837-852.

[3] A. D. Bandrauk, Molecules in laser fields, Springer, Netherlands, 1995.

[4] A. Benaissa, A. Kasmi, Well-posedness and energy decay of solutions to a Bresse system with a boundary dissipation of
fractional derivative type, Discrete Contin. Dyn. Syst. Ser. B 23 (2018)-10, 4361-4395.

[5] K. Bhandari, R. DE A. Capistrano-Filho, S. Majumdar, T. Y. Tanaka Coupled linear Schrodinger equations: control and
stabilization results, (2024).
https://doi.org/10.48550/arXiv.2310.04931

[6] A. Borichev, Y. Tomilov, Optimal polynomial decay of functions and operator semigroups, Math. Ann. 347 (2010)-2,
455-478.

[7] H. Brézis, Operateurs Maximaux Monotones et semi-groupes de contractions dans les espaces de Hilbert, Notas de
Matematica (50), Universidade Federal do Rio de Janeiro and University of Rochester, North-Holland, Amsterdam, (1973).



N. Louhibi, K. Fekirini and M. Ibrahim, Adv. Theory Nonlinear Anal. Appl. 7 (2023), 01-14. 14

8]
[9]

[10]

J. U. Choi, R. C. Maccamy, Fractional order Volterra equations with applications to elasticity, J.Math. Anal. Appl. 139
(1989), 448-464.

I. Hamchi, S. E. Rebiai Indirect boundary stabilization of a System of Schrédinger equations with variable Coefficients,
Nonlinear differ. equ. appl. 15, (2008), 639-653.

Y. C. Lin, K. H. Wang, T. F. Wu Concentrating gound state for linearly coupled Schrodinger systems involving critical
exponent cases, J. Diff. Equa. 380 (2024), 254-287.

I. Lyubich Yu, V.Q. Phéng, Asymptotic stability of linear differential equations in Banach spaces, Stud. Math. 88 (1988)-
(1), 37-42.

B. Mbodje, Wave energy decay under fractional derivative controls, IMA J. Math. Control Info. 23 (2006), 237-257.

1. Meradjah, N. Louhibi, A. Benaissa, Stability of a Schrodinger equation with internal fractional damping, Anna. Univ.
Crai. Math. Comp. Sci. Ser. 50(02), (2023), 427-441.

J. Priiss, On the spectrum of Co-semigroups, Trans. Amer. Math. Soc. 284 (1984)-2, 847-857.

P. Rouchon, Quantum systems and control. Article submitted to the proceedings of the conference in honor of Claude
Lobry, Saint Louis (2007).

H. L. Zhang, Stability analysis for a coupled Schrédinger system with one boundary damping, Math. Methods Appl. Sci.
46 (2023), 14771-14793, DOI 10.1002/mma.9344.



	1 Introduction
	2 Preliminary results
	2.1 Augmented model

	3 The well-posedness of the problem
	4 Asymptotic behavior
	4.1 Strong stability of the system
	4.2 Polynomial stability

	5 Lack of exponential stability.



