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Abstract

The concepts of a complex-valued new extended b-metric space, a complex-valued new extended rectangular
b-metric space and a fuzzy rectangular b-metric space are initiated. We present some �xed point results in
these settings via di�erent contraction type mappings. We also give some examples and as an application
we solve an integral equation.
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1. Introduction

Fixedopointotheoryoplaysoa vitaloroleoin mathematicsoandoappliedosciences, suchoaso an optimization,o
mathematicalomodelsoandoeconomic theories. Also, thisotheoryohasobeenoappliedotooshowothe existence
oandouniquenessoof a solution oofodi�erentialoequations,ointegraloequationsoand omanyoother branches of
mathematics, see [1, 2, 3]. In 1922, Banach gave the most fundamental and remarkable theoremoknownoas
theoBanachoContractionoPrincipal (B.C.P), which is an important tool to ensure both theoexistenceoand
uniquenessoofo�xedopoints for contraction mappingsofrom a completeometric space to itself. This theo-
remoprovidesoanoillustrationoofotheounifying opower oofofunctionaloanalytic methodsoandotheousefulness
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ofo�xedopointo theoryoinoanalysis. Theoimportantofeatureoofo theoBanach contractionoprincipleoisothat
oitogivesotheoexistence,ouniquenessoandosequenceoofotheosuccessive approximation convergesotooaosolutionoofotheoproblem.

Ino1965, Zadeho[4] initiatedotheodevelopmentoofotheomodi�edoseto theoryoknownoasofuzzyoset theory,
whichoisoa toolothat makes a opossibleotheodescriptionoof a ovague manipulation within them. Theobasicoideaoof
the fuzzyosetois simpleoandonatural.

In 1975,oKramosil and Michalak [5] introducedotheofuzzyometricospace. In 1994, theoconceptoofoa
fuzzyometricospaceowaso modi�edobyoGeorgeoand Veeramanio[6] such that the Hausdor� topology is in-
duced in modi�ed fuzzy metric spaces. Theostudyoof �xedopointotheoremsoin fuzzy mathematics was in-
vestigated by Heilpern [7]. Heointroducedothe conceptoofoa fuzzyocontractionomappingsoand established
�xedopoint results forofuzzyocontraction mappingsoin the framework of complete metric spaces. In 1988,
Grabiec [8] generalizedotheoBanachoand Edilston �xedopointotheoremsoin fuzzy metric spaces. Bakhtin
[9] andoCzerwik [10, 11] introduced the b-metric spaces and proved some �xedopointotheoremsoforosingle-
valuedoas well as multivalued mappings inob-metricospaces. Respectively, the notionoof a b-metricospaceowas
re-introducedoby Khamsi [12] andoHussaino[13]owithotheonameoofo a metricotypeospace. On the other
hand, a very important paper on �xed point theory in applied sciences is investigated by Ran and Reurings
[14]. They established the results by using partial order sets. In 2016, Nadaban [15] introducedotheofuzzyob-
metricospaceowhichoisoa more general space.
In 2015, George oal. introducedothe mixed conceptoof a ob -metricospaceoand a rectangularometric space,
named as a rectangularob -metricospaceo[RbMS] whichoisonotonecessarilyoHausdor�. This space gener-
alized many previous spaces. Ino2017, Kamran et al. [1] introducedothe concept of an oextendedob-
metricospace and many results then have been proved in this space. The idea ofoextendedorectangularob-
metricospacesois presented in [22] and [23]. Ino2011, Azamoet al. [16] de�ned theonotionoofoa complex-
valuedometricospaceowhichois omoreogeneralothanotheowell-knownometricospace. Shukla et al. [17] ex-
tended theoconceptoofo a fuzzyometricospaceotoocomplex-valuedofuzzyo metricospaceoand obtainedosome
o�xedopointoresultsoinothisospace. Demir [18] introduced theoconceptoofoaocomplex-valued fuzzyob-metricospace,
generalizing both the notion ofoa complex-valuedofuzzyometric spaceoand theonotionoofoa b-metricospace.
In 2014, Mukheimer [19] introduced the notion of complexovaluedob-metricospace. Recently,oNaimatullahoet
al. [21] de�nedothe notion ofocomplex-valuedoextendedob-metricospace. Here, in the second section, we ex-
tend this space by de�ning a complex-valued new extendedob-metricospace and prove commono�xedopointoresults
using almost contractive mappings. In the third section, we give the concept ofo a complex-valued new ex-
tended rectangular b-metricospace and present a related �xedopoint result. Also, we introduce a fuzzy version
in a rectangular space, knownoas a ocomplex-valued new extended fuzzy rectangular b-metricospaceoas a gen-
eralization ofocomplex-valuedofuzzy extended rectangular b-metric spaces and proveosomeo�xedopointoresultsowith
some applications.

2. A complex-valued new extended b-metric space

Weorecallosomeobasicoconceptsothat oareonecessaryoin the sequel. Most ofotheseopreliminariesoareorecorded
ofromo[16, 20, 21].

De�nition 2.1. LetoCobeotheosetoofoallocomplexonumbersoandox1, x2 ∈ C. TheopartialoorderoonoC is de-
�nedoas:ox1 ⪯ x2 ifoandoonlyoif Re(x1)o ≤ Re(x2) and Im(x1)o ≤ Im(x2). This implies that x1 ⪯ x2
ifooneoofotheofollowing conditions areoful�lled:
(i) Re(x1) = Re(x2), Im(x1) < Im(x2);
(ii) Re(x1) < Re(x2), Im(x1) = Im(x2);
(iii)Re(x1) < Re(x2), Im(x1) < Im(x2);
(iv)Re(x1) = Re(x2), Im(x1) = Im(x2).

Ino2011, Azamoet al. [16]ointroducedo a ocomplex-valued metricospaceoasofollows:

De�nition 2.2. Let Xobeoaonon-emptyoset.o The functionodo : X × oX → C isocalled aocomplex valued
metricoifoforoall x, oy, ozo ∈ X,otheofollowingoproperties hold:
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(i)o0 ⪯ od(x, oy)oandod(x, oy) = o0 i� xo = y;
(ii)od(x, oy)o = d(y, ox);
(iii)od(x, z)o ⪯ od(x, oy)o+ od(y, z).
The pairo(X, d)oisocalledo a complex-valued metricospace.

Example 2.1. Let X = o[0, 1]. For x, oyo ∈ oX, d : oX × oXo→ C is de�ned aso

d(x, oy)o =

{
0 ifo xo = y;
i/2 ifo xo ̸= y.

Thenodoisoaocomplex-valuedometricoon X.

Ino2014, Mukheimero[19]ointroducedotheonotionoofo a complex-valuedob-metricospaceoasofollows.

De�nition 2.3. Let Xobeoa non-emptyoseto and b ≥ 1obeoaorealonumber.o The function do : X×oX → oC
is called a complex-valuedob-metricoifoforoallox, y, zo ∈ oX, theofollowingoproperties hold:
(i)o 0 ⪯ od(x, oy)oandod(x, oy)o = 0 i� xo = y;
(ii)o d(x, oy) = d(y, ox);
(iii)o d(x, z) ⪯ b[d(x, y)o+ d(y, z)].
Theopairo(Xo, d) isocalledo a complex-valuedob-metricospace.

Recently,oNaimatullahoet al. [21]ode�nedotheonotionoof a ocomplex-valuedoextendedob-metricospace
inotheofollowingoway.

De�nition 2.4. Let Xobeoaonon-emptyosetoandoθ : X × oXo→ [1,∞) be ao given function. The function
dθ : X × X → C isocalled a ocomplex valued extendedob-metrico ifoforoallox, y, zo ∈ oX, theofollowing
properties hold:
(i) 0 ⪯ dθ(x, y) and dθ(x, oy) = o0 i� xo = y;
(ii) dθ(x, oy) = dθ(y, ox);
(iii) dθ(x, oz) ⪯ oθ(x, y)[dθ(x, oy) + dθ(y, oz)].
Theopairo(X, dθ) isocalled a ocomplex-valued extendedob-metricospace.

Example 2.2. LetoX = [0,∞) and θ : X × oX × oX → [0,∞) beode�nedoas θ(x, oy, oz) = o1+ox+y
x+oy .

Also,
(i)dθ(x, oy) =

i
xy ,∀x, yo ∈ o(0, 1],

(ii)dθ(x, oy)o = 0 i� xo = y ∀ox, yo ∈ o[0, o1],
(iii)dθ(x, 0) = dθ(0, x)∀oxo ∈ o(0, 1].
Theno(X, dθ)ois a complex-valued extendedob-metricospace.

De�nition 2.5. [21] Let (X, d)obeoaocomplex-valuedoextendedob-metricospace. Weodenoteo

s(u)o = o{zo ∈ oC : uo ⪯ zo}.

Forox ∈ oXoandoY ∈ CB(X) ,

s(x, oY ) = ∪
yo∈Y

s(od(x, y)) = ∪
yo∈Y

{z ∈ C : d(x, oy) ⪯ z}.

For Y, oY ′ ∈ CB(X),

s(Y ′, oY ) =

(
∩

yo∈Y
s(d(y, oY ′))

)
o ∪ o

(
∩

y′o∈Y ′
s(d(y′, oY ))

)
.

Now, we de�ne a complex-valuedonew extendedob-metricospaceowhich generalizes a complex-valuedoextended
b-metricospace. Weogive an example and aocommono�xedopointoresultoin this space using almost contrac-
tion mappings.

I. Shereen, Q. Kiran, H. Aydi, Adv. Theory Nonlinear Anal. Appl. 7 (2023), 107-129. 109



De�nition 2.6. Let Xobeoaonon-empty setoandoθ : oX × oX ×X → [0,∞) be a function. Then dθ : Xo×
oX → Cois called a ocomplex-valuedonew extended b-metric ifoforoall x, y, zo ∈ oX, theofollowingoproperties
hold:
(i) 0 ⪯ dθ(x, oy)oand dθ(x, y)o = o0 i�oxo = yo;
(ii)o dθ(x, oy) = dθ(y, ox);
(iii)o dθ(x, oz) ⪯ oθ(x, oy, oz)[dθ(x, oy) + odθ(y, oz)].
Theopairo(X, dθ) isocalledo a complex-valuedonew extendedob-metricospace.

Example 2.3. Let X = o[0, o∞) and θ : oX × oX × oX → [0,∞) beoaofunctionode�nedoas θ(x, oy, z) =
1 + x+ oy + z. Also, for x, y ∈ X, dθ : X × oX → oC is de�ned aso

dθ(x, oy) =

{
0o ifo xo = y;
io ifo xo ̸= y.

Thenodθ isoaocomplex-valuedonew extendedob-metricoon X.

We prove our main result using theofollowingode�nition.o

De�nition 2.7. Let (X, dθ) beoaocomplex-valuedonew extendedob-metricospace. AomappingoT : X →
Xoisosaidotoobeoanoalmostocontraction oifothereoexistoro ∈ o(0, 1)oand t ≥ 0 suchothatoforoall x, oyo ∈ oX

dθ(Tx, oTy) ≤ rdθ(x, oy) + tdθ(y, oTx).

Theorem 2.1. Leto(X, dθ) beoaocomplex-valuedonew extendedob-metricospaceoandoX beoa non-emptyoseto,
θ : X×oX×oX → [0,∞) beoaofunctionoandoS, oT : Xo×oX → CB(X) beoaopairoofomulti-valuedomappingsowith
g.l.bopropertyosuchothatoforoallox, yo ∈ oX

a1dθ(x, oy) + a2[dθ(x, Sx) + dθ(y, oTy)] + a3[dθ(y, Sx) + dθ(x, Ty)]

+a4
dθ(y, oTy)o[1 + odθ(x, Sx)]

1 + odθ(x, oy)
+ a5

dθ(y, Sx)[1 + odθ(x, Ty)]

1 + dθ(x, oy)

+a6
dθ(x, oy)[1 + dθ(x, oSx) + dθ(y, oSx)]

1 + odθ(x, oy)
+ tdθ(y, oSx) ∈ s(Sx, oTy) (1)

where a1, oa2, oa3, oa4, oa5, oa6, ot areonon-negative realonumbersosuch that a1 + 2a2 + 2a3θ(x0, x1, x2) +
a4 + a6 < 1 and k(1 − a2 − a3θ(x0, x1, x2) − a4 = a1 + a2 + a3θ(x0, x1, x2) + a6 whereok ∈ o[0,∞) be
osuchothatoforoeachox0 ∈ X, lim

n,m→∞
θ(xn, oxn+1, xm) < 1/k. Also, lim

n→∞
θ(x, oxn, Tx) ando lim

n→∞
θ(x, xn, xn+1)

exist and are �nite, thenoSoandoTohave a ouniqueocommono�xedopoint.

Proof. Letox0 ∈ X then Tx0 ̸= ∅. Let x1 ∈ Sx0, then

a1dθ(x0, x1) + a2[dθ(x0, Sx0) + dθ(x1, Tx1)] + a3[dθ(x1, oSx0) + dθ(x0, oTx1)]

+a4
dθ(x1, oTx1)[1 + dθ(x0, Sx0)]

1 + dθ(x0, x1)
+ a5

dθ(x1, oSx0)[1 + odθ(x0, Tx1)]

1 + dθ(x0, ox1)

+a6
dθ(x0, ox1)[1 + dθ(x0, oSx0) + dθ(x1, oSx0)]

1 + dθ(x0, ox1)
+ tdθ(x1, Sx0) ∈ s(Sx0, Tx1)
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a1dθ(x0, ox1) + a2[dθ(x0, oSx0) + dθ(x1, Tx1o)] + a3[dθ(x1, Sx0) + dθ(x0, oTx1)]

+a4
dθ(x1, oTx1)[1 + odθ(x0, oSx0)]

1 + dθ(x0, x1)
+ a5

dθ(x1, Sx0)[1 + dθ(x0, Tx1)]

1 + dθ(x0, ox1)

+a6
dθ(x0, ox1)[1 + dθ(x0, Sx0) + dθ(x1, Sx0)]

1 + odθ(x0, ox1)
+ tdθ(x1, Sx0) ∈ ∩

a∈Sx0

s(a, Tx1).

This implies that

a1dθ(x0, x1) + a2[dθ(x0, Sx0) + dθ(x1, Tx1)] + a3[dθ(x1, oSx0) + dθ(x0, oTx1)]

+a4
dθ(x1, oTx1)[1 + dθ(x0, Sx0)]

1 + odθ(x0, ox1)
+ a5

dθ(x1, oSx0)[1 + dθ(x0, Tx1)]

1 + dθ(x0, ox1)

+a6
dθ(x0, ox1)[1 + dθ(x0, Sx0) + dθ(x1, Sx0)]

1 + odθ(x0, ox1)
+ tdθ(x1, Sx0) ∈ s(a, Tx1), ∀a ∈ Sx0.

Since x1 ∈ Sx0, one writes

a1dθ(x0, x1) + a2[dθ(x0, Sx0) + dθ(x1, Tx1)] + a3[dθ(x1, oSx0) + dθ(x0, oTx1)]

+a4
dθ(x1, oTx1)[1 + dθ(x0, Sx0)]

1 + odθ(x0, ox1)
+ a5

dθ(x1, oSx0)[1 + dθ(x0, Tx1)]

1 + dθ(x0, ox1)

+a6
dθ(x0, ox1)[1 + dθ(x0, oSx0) + dθ(x1, oSx0)]

1 + dθ(x0, ox1)
+ tdθ(x1, Sx0) ∈ s(Sx1, Tx1)

a1dθ(x0, ox1) + a2[dθ(x0, oSx0) + dθ(x1, Tx1)] + a3[dθ(x1, oSx0) + dθ(x0, oTx1)]

+a4
dθ(x1, oTx1)[1 + dθ(x0, oSx0)]

1 + dθ(x0, x1)
+ a5

dθ(x1, Sx0)[1 + odθ(x0, oTx1)]

1 + dθ(x0, ox1)

+a6
dθ(x0, ox1)[1 + odθ(x0, oSx0) + dθ(x1, Sx0)]

1 + dθ(x0, x1)
+ tdθ(x1, Sx0) ∈ ∪

b∈Tx1

s(x1, b).

Thereoexistsox2o ∈ oTx1 suchothato

a1dθ(x0, x1) + a2[dθ(x0, Sx0) + dθ(x1, Tx1)] + a3[dθ(x1, oSx0) + dθ(x0, oTx1)]

+a4
dθ(x1, oTx1)[1 + dθ(x0, Sx0)]

1 + odθ(x0, ox1)
+ a5

dθ(x1, oSx0)[1 + dθ(x0, Tx1)]

1 + dθ(x0, ox1)

+a6
dθ(x0, ox1)[1 + dθ(x0, Sx0) + dθ(x1, Sx0)]

1 + odθ(x0, ox1)
+ tdθ(x1, Sx0) ∈ s(d(x1, x2)).
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Byode�nitionoandog.l.bopropertyoofoSo andoT,oweohave

dθ(x1, x2) ⪯ a1dθ(x0, x1) + a2[dθ(x0, Sx0) + dθ(x1, Tx1)] + a3[dθ(x1, oSx0) + dθ(x0, oTx1)]

+a4
dθ(x1, oTx1)[1 + dθ(x0, oSx0)]

1 + dθ(x0, x1)
+ a5

dθ(x1, Sx0)[1 + odθ(x0, Tx1)]

1 + dθ(x0, ox1)

+a6
dθ(x0, ox1)[1 + dθ(x0, Sx0) + dθ(x1, Sx0)]

1 + odθ(x0, ox1)
+ tdθ(x1, Sx0)

dθ(x1, ox2) ⪯ a1dθ(x0, ox1) + a2[dθ(x0, ox1) + dθ(x1, ox2)] + a3[dθ(x1, x1) + dθ(x0, x2)]

+a4
dθ(x1, x2)[1 + dθ(x0, ox1)]

1 + dθ(x0, x1)
+ a5

dθ(x1, ox1)[1 + dθ(x0, x2)]

1 + dθ(x0, ox1)

+a6
dθ(x0, ox1)[1 + dθ(x0, ox1) + dθ(x1, x1)]

1 + dθ(x0, ox1)
+ tdθ(x1, ox1).

That is,

|dθ(x1, x2)| ≤ a1|dθ(x0, x1)|+ a2[|dθ(x0, ox1)|+ |dθ(x1, ox2)|]

+a3|dθ(x0, ox2)|+ a4|dθ(x1, ox2)|+ a6|dθ(x0, ox1)|.

Since |dθ(x1, ox2)| < o1 + |dθ(x1, ox2)|

|dθ(x1, ox2)| ≤ o
a1 + a2 + a3θ(x0, x1, x2) + a6
1− a2 − a3θ(x0, x1, ox2)− a4

|dθ(x0, x1)|

which further implies

|dθ(x1, x2)| ≤ k|dθ(x0, x1)|
.

.

|dθ(xn, oxn+1)| ≤ kn|dθ(x0, ox1)|.

Forom > on, oweohave

dθ(xn, oxm) ⪯ θ(xn, oxn+1, oxm)[dθ(xn, oxn+1) + dθ(xn+1, oxm)]

⪯ θ(xn, oxn+1, oxm)[dθ(xn, oxn+1) + θ(xn+1, oxn+2, xm)[dθ(xn+1, oxn+2) + dθ(xn+2, xm)]

⪯ θ(xn, oxn+1, xm)dθ(xn, oxn+1) + oθ(xn, oxn+1, xm)θ(xn+1, oxn+2, xm)dθ(xn+1, oxn+2)

+...+ θ(xn, oxn+1, xm)θ(xn+1, oxn+2, xm)...θ(xm−2, oxm−1, xm)dθ(xm−1, xm)

⪯ θ(xn, oxn+1, oxm)kndθ(x0, ox1) + oθ(xn, oxn+1, oxm)oθ(xn+1, oxn+2, oxm)kn+1dθ(x0, xo1)

+...+ θ(xn, oxn+1, oxm)θ(xn+1, oxn+2, xm)o...oθ(xm−2, oxm−1, oxm)km−1dθ(x0, ox1)

⪯ θ(x1, ox2, oxm)θ(x2, ox3, oxm)o...oθ(xn, oxn+1, oxm)kndθ(x0, ox1)

+θ(x1, ox2, xm)oθ(x2, ox3, oxm)o...oθ(xn, oxn+1, oxm)θ(xn+1, oxn+2, oxm)kn+1dθ(x0, ox1)

+...+ θ(x1, ox2, oxm)oθ(x2, ox3, oxm)o...oθ(xm−2, oxm−1, oxm)km−1dθ(x0, ox1).
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Since lim
n,m→∞

kθ(xn, oxn+1, oxm) < 1, the series
∑∞

n=1 k
nΠn

i=1θ(xi, xi+1, xm) converges foroeach mo ∈ oN
byoratiootest.
LetoS = o

∑∞
n=1 ok

noΠn
i=1θ(xi, xi+1, xm) and Sn =

∑n
j=1 k

jΠn
i=1θ(xi, xi+1, xm). Forom > on, weohave

dθ(xn, oxm) ⪯ dθ(x0, ox1)[Sm−1o− oSn].

Equivalently,

|dθ(xn, oxm)| ≤ |dθ(x0, ox1)|[Sm−1o− oSn].

When n,m→ ∞,

|dθ(xn, xm)| −→ 0

whichoshows thato{xn}o isoaoCauchyosequenceoinoX. ByocompletenessoofoX, thereoexistsosome xo ∈ oX
suchothato lim

n→∞
oxn = x.

Now,oweoshowothatox ∈ Sx and x ∈ Tx. Using 1, weohave,o

a1dθ(x2n, x) + a2[dθ(x2n, Sx2n) + dθ(x, oTx)] + oa3[dθ(ox, Sx2n) + dθ(x2n, Tx)]

+oa4
dθ(ox, oTx)[1 + dθ(x2n, Sx2n)]

1 + dθ(x2n, x)
+ a5

dθ(ox, Sx2n)[1 + odθ(xn, Tx)]

1 + dθ(ox2n, x)

+a6
dθ(x2n, x)[1 + dθ(x2n, Sx2n) + dθ(ox, Sx2n)]

1 + odθ(x2n, x)
+ tdθ(x, Sx2n) ∈ s(Sx2n, Tx)

which implies

a1dθ(x2n, x) + a2[dθ(x2n, Sx2n) + dθ(x, oTx)] + oa3[dθ(x, Sx2n) + dθ(x2n, Tx)]

+oa4
dθ(x, oTx)[1 + dθ(x2n, Sx2n)]

1 + dθ(x2n, x)
+ a5

dθ(x, Sx2n)[1 + dθ(xn, Tx)]

1 + odθ(x2n, x)

+a6
dθ(x2n, x)[1 + odθ(x2n, Sx2n) + dθ(x, Sx2n)]

1 + odθ(x2n, x)
+ tdθ(x, Sx2n) ∈ ∩

a∈Sx2n

s(a, Tx)

a1dθ(x2n, x) + a2[dθ(x2n, Sx2n) + dθ(x, oTx)] + oa3[dθ(x, Sx2n) + dθ(x2n, Tx)]

+oa4
dθ(x, oTx)[1 + dθ(x2n, Sx2n)]

1 + dθ(x2n, x)
+ a5

dθ(x, Sx2n)[1 + dθ(xn, Tx)]

1 + dθ(x2n, x)

+a6
dθ(x2n, x)[1 + dθ(x2n, Sx2n) + dθ(x, Sx2n)]

1 + dθ(x2n, x)
+ tdθ(x, Sx2n) ∈ s(a, Tx), ∀a ∈ Sx2n.

Also x2n+1 ∈ Sx2n, therefore we have

a1dθ(x2n, x) + a2[dθ(x2n, Sx2n) + dθ(x, oTx)] + oa3[dθ(ox, Sx2n) + dθ(x2n, Tx)]

+oa4
dθ(ox, oTx)[1 + dθ(x2n, Sx2n)]

1 + dθ(ox2n, x)
+ a5

dθ(x, Sx2n)[1 + odθ(xn, Tx)]

1 + odθ(x2n, x)
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+a6
dθ(x2n, x)[1 + odθ(x2n, Sx2n) + dθ(ox, Sx2n)]

1 + odθ(x2n, x)
+ tdθ(x, Sx2n) ∈ s(x2n+1, Tx)

a1dθ(x2n, x) + a2[dθ(x2n, Sx2n) + dθ(x, oTx)] + oa3[dθ(x, Sx2n) + dθ(x2n, Tx)]

+oa4
dθ(x, oTx)[1 + dθ(x2n, Sx2n)]

1 + dθ(x2n, x)
+ a5

dθ(x, Sx2n)[1 + odθ(xn, Tx)]

1 + dθ(x2n, x)

+a6
dθ(x2n, x)[1 + dθ(x2n, Sx2n) + dθ(x, Sx2n)]

1 + dθ(x2n, x)
+ tdθ(x, Sx2n) ∈ ∪

b∈Tx
s(dθ(x2n+1, b).

It impliesothatothereoexistsosome xn ∈ Tx suchothato

a1dθ(x2n, x) + a2[dθ(x2n, Sx2n) + dθ(x, oTx)] + oa3[dθ(x, Sx2n) + dθ(x2n, Tx)]

+oa4
dθ(x, oTx)[1 + dθ(x2n, Sx2n)]

1 + dθ(ox2n, x)
+ a5

dθ(ox, Sx2n)[1 + odθ(xn, Tx)]

1 + dθ(x2n, x)

+a6
dθ(x2n, x)[1 + dθ(x2n, Sx2n) + dθ(x, Sx2n)]

1 + dθ(x2n, x)
+ tdθ(x, Sx2n) ∈ s(dθ(x2n+1, xn)

dθ(ox2n+1, xn) ⪯ a1dθ(x2n, x) + a2[dθ(ox2n, Sx2n) + dθ(x, oTx)] + a3[dθ(ox, Sx2n) + dθ(x2n, Tx)]

+a4
dθ(x, Tx)[1 + odθ(x2n, Sx2n)]

1 + odθ(x2n, x)
+ a5

dθ(ox, Sx2n)[1 + odθ(xn, Tx)]

1 + dθ(ox2n, x)

+a6
dθ(x2n, x)[1 + dθ(x2n, Sx2n) + dθ(ox, Sx2n)]

1 + odθ(x2n, x)
+ tdθ(x, Sx2n)

which further implies

dθ(x2n+1, xn) ⪯ a1dθ(x2n, x) + a2[dθ(x2n, ox2n+1) + dθ(x, xn)] + a3[dθ(ox, x2n+1) + dθ(x2n, xn)]

+a4
dθ(ox, xn)[1 + dθ(x2n, ox2n+1)]

1 + dθ(ox2n, x)
+ a5

dθ(ox, x2n+1)[1 + dθ(xn, xn)]

1 + odθ(x2n, x)

+a6
dθ(x2n, x)[1 + dθ(x2n, ox2n+1) + odθ(x, x2n+1o)]

1 + dθ(x2n, x)
+ tdθ(x, x2n+1).

Now, weohaveo

dθo(x, xn) ⪯ θo(x, x2n+1, oxn)[dθo(x, x2n+1) + odθ(x2n+1, xno)]

⪯ θo(xn, x2n+1, xn)o[dθ(x, ox2n+1) + θ(x, ox2n+1, xn)a1dθ(x2n, x)

+θ(x, x2n+1, xn)a2[dθ(x2n, x2n+1) + dθ(x, xn)] + θ(x, ox2n+1, oxn)a3[dθ(x, ox2n+1) + dθ(x2n, xn)]

+θ(x, x2n+1, xn)a4
dθ(x, xn)[1 + dθ(x2n, x2n+1)]

1 + dθ(x2n, x)
+ θ(x, x2n+1, oxn)a5

dθ(x, x2n+1)[1 + dθ(xn, oxn)]

1 + odθ(x2n, x)

+θ(x, x2n+1, oxn)a6
dθ(x2n, x)[1 + dθ(x2n, ox2n+1) + dθ(x, ox2n+1)]

1 + dθ(x2n, x)
+ θ(x, x2n+1, oxn)tdθ(x, ox2n+1)
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which implies

dθ(x, xn) ≤ |dθ(x, ox2n+1)|+ a1|dθ(x2n, xo)|+ a2[|dθ(x2n, ox2n+1) + dθ(x, xn)|]

+a3[|dθ(x, x2n+1)|+ |dθ(x2n, xn)|]o+ oa4

∣∣∣∣dθ(x, xn)[1 + odθ(x2n, x2n+1)]

1 + odθ(x2n, x)

∣∣∣∣
+a5

∣∣∣∣dθ(x, x2n+1)[1 + odθ(xn, xn)]

1 + odθ(x2n, x)

∣∣∣∣
+a6

∣∣∣∣dθ(x2n, x)[1 + dθ(x2n, x2n+1) + odθ(x, ox2n+1)]

1 + dθ(x2n, x)

∣∣∣∣+ t|dθ(x, ox2n+1)|.

By lettingon→ ∞, we get

dθ(x, oxn) → 0 when no→ o∞

thatois, xno → x ason → ∞. SinceoTxo isoclosedo, we have ox ∈ Txo. Similarly, x ∈ Sx. Hence, T and S
have a commono�xedopoint.

If S = T , weohaveotheofollowingocorollary.

Corollary 2.1. Leto(X, dθ) beoaocomplex-valuedonew extendedob-metricospace and Xobeoaonon-emptyoset,oθ :
Xo × oX × oX → [0,∞) beoaofunctionoandoT : Xo × oX → oCB(X)obeoa multi-valuedomapping with
g.l.bopropertyosuchothatofor all x, yo ∈ oX

a1dθ(x, oy) + a2[dθ(x, oTx) + odθ(y, oTy)] + a3[dθ(y, oTx) + dθ(x, oTy)]

+a4
dθ(y, oTy)[1 + odθ(x, oTx)]

1 + odθ(x, oy)
+ a5

dθ(y, oTx)[1 + odθ(x, oTy)]

1 + odθ(x, oy)

+a6
dθ(x, oy)[1 + odθ(x, oTx) + dθ(y, oTx)]

1 + odθ(x, y)
+ tdθ(y, Tx) ∈ s(Tx, oTy) (2)

whereoa1, oa2, oa3, oa4, oa5, oa6, ot are non-negative realonumbersosuch that a1 + 2a2 + 2a3θ(x0, x1, x2) +
a4 + a6 < 1 and k(1 − a2 − a3θ(x0, x1, x2) − a4 = a1 + a2 + a3θ(x0, x1, x2) + a6 whereok ∈ o[0,∞) is
osuchothatoforoeachox0 ∈ X,o lim

n,m→∞
θ(xn, oxn+1, oxm) < 1/k. Also lim

n→∞
θ(x, xn, Tx) and lim

n→∞
θ(x, xn,

xn+1) exist and areo�nite,othenoTohasoaouniqueo�xedopoint.

3. A complex-valued new extended rectangular b-metric space

Here, weoextend theoconcept of a ocomplex-valuedoextended rectangular b- metricospaceoto a com-
plexovalued new extendedorectangular b- metricospace.
We �rst de�ne a new extended rectangular b-metricospace.o

De�nition 3.1. LetoX beoaonon-empty setoandoθ : X × oX × oX → [1,∞) beoaofunction. Then dθ : X ×
oXo→ [0,∞) isocalled a onew extended rectangular b-metrico ifoforoallox, y, u, z ∈ X,otheofollowingoproperties
hold:
(i)o dθ(x, y) ≥ o0 and dθ(x, oy)o = 0 i� xo = y;
(ii)o dθ(x, oy)o = dθ(y, ox);
(iii)o dθ(x, oz) ≤ oθ(x, y, z)o[dθ(x, oy) + odθ(y, u) + dθ(u, z)].
Theopairo(X, odθ) isocalledoaonewoextendedorectangular b-metricospace.
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The complex-valued new extended rectangular b-metricospaceois de�ned asofollows:

De�nition 3.2. Let X beoaonon-empty setoandoθ : X×X×X → o[1, o∞). Thenodθ : X×oX → C isocalled
a ocomplex-valuedonew extended rectangular b-metrico ifoforoallox, y, u, zo ∈ X, theofollowingoproperties
hold:
(i)o 0 ⪯ dθ(x, oy)oand dθ(x, oy)o = 0 i�o xo = y
(ii)o dθ(x, oy) = dθ(oy, ox);
(iii)o dθ(x, oz) ⪯ oθ(x, y, z)[dθ(x, oy) + odθ(y, u) + dθ(u, z)].
Theopairo(X, odθ) isocalledoa complex-valuedonew extendedorectangularob-metricospace.

De�nition 3.3. Leto(X, d)obeoaocomplex-valuedonew extended rectangularob-metricospaceoand θ : X×X×
X → o[1,∞) be a given function. Let T : X → oX be suchothato

dθ(oTx, oTy) ⪯ f(M(ox, oy)), ∀ox, oyo ∈ oX, (3)

whereof ∈ F , M(ox, oy) = maxo{dθ(ox, oy), dθ(ox, oTx), dθ(y, oTy)} and F is theosetoofoallocontinuous
and non-decreasing functionsof : [0,∞) → [0,∞) satisfyingotheofollowingocondition:

lim
n→∞

fn(t) = 0,∀to > o0.

Theorem 3.1. Leto(X, dθ) beoaocomplex-valuedonew extendedorectangular b-metricospace and θ : X ×X ×
X → [1,∞). LetoT : X → oX satisfy (3). Suppose thatoforoeach x0 ∈ X andoforoeachoto > 0,

sup
m≥1

lim
n→∞

fn+1(t)

fn(t)
θ(xn+1, oxn+2, oxm)o ≺ 1

whereoxno = Tn(x0) for n ∈ oN. Also, assumeothatoforoX,

lim
n→∞

θ(x, xn, xn+1) and lim
n→∞

θ(ox, xn, Tx)

exist and are �nite. ThenoTohasoaouniqueo�xedopoint,osay z ∈ X. Also,oTny → z foroeachoy ∈ X.

Proof. Consider xn = Tn(x0) for each x0 ∈ X.
Ifoforono ∈ oN, xno = xn+1o = Txn then xnoisoao�xedopointoofoT . Otherwise, assume that xno ̸= oxn+1.
From (3), one writes

dθ(oxn, oxn+1)o = dθ(oTxn−1, oTxn) ⪯ fM(xn−1, oxn),

where

M(xn−1, oxn) = omaxo{dθ(oxn−1, oxn), dθ(oxn−1, oTxn−1), dθ(xn, oTxn)}
= omaxo{dθ(oxn−1, oxn), dθ(oxn−1, oxn), dθ(oxn, oxn+1)}
= omaxo{dθ(oxn−1, oxn), dθ(oxn, oxn+1)}.

Ifoforosomeono ∈ oN,

M(oxn−1, oxn) = maxo{dθ(oxn−1, oxn), dθ(oxn, oxn+1)} = dθ(oxn, oxn+1)

theno

0 ≺ odθ(oxn, oxn+1) ⪯ fM(xn, oxn+1) ≺ odθ(oxn, oxn+1)
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that is,o

dθ(xn, oxn+1) ≺ dθ(xn, oxn+1)

whichoisoaocontradiction. Thus, oforoallon ≥ o1,

M(xn−1, oxn) = maxo{dθ(oxn−1, oxn), dθ(oxn, oxn+1)} = dθ(oxn−1, oxn)

and we have for all no ≥ o1,

0 ≺ odθ(oxn, oxn+1) ⪯ fM(xn−1, oxn) ≺ dθ(oxn−1, oxn). (4)

Continuing in this way we have foroallono ≥ o0,

0 ≺ odθ(oxn, oxn+1) ≺ fndθ(x0, ox1) (5)

Therefore,othereoexistsol ≥ 0osuchothato

lim
n→∞

dθ(xn, xn+1) = l.

Letting n→ ∞ in (4), we have
l ⪯ f(l)

which holds unless l = 0. Thus,
lim
n→∞

dθ(xn, xn+1) = 0. (6)

Foromo > on weohaveo

dθ(xn, oxm) ⪯ θ(xn, oxn+1, oxm)[dθ(xn, oxn+1) + dθ(xn+1, oxn+2) + dθ(xn+2, oxm)]

⪯ θ(xn, xn+1, xm)dθ(xn, oxn+1) + θ(oxn, xn+1, xm)[dθ(xn+1, oxn+2) + dθ(xn+2, xm)]

⪯ θ(xn, oxn+1, oxm)dθ(xn, oxn+1) + θ(xn, oxn+1, oxm)θ(xn+1, xn+2, xm)dθ(xn+1, oxn+2)

+...+ θo(xn, oxn+1, oxm)θo(xn+1, oxn+2, oxm)...θo(xm−2, oxm−1, oxm)dθ(xm−1, oxm)

⪯ θo(xn, oxn+1, oxm)fndθ(x0, ox1) + θo(xn, oxn+1, oxm)θo(xn+1, oxn+2, oxm)fn+1dθ(x0, ox1)

+...+ θo(xn, oxn+1, oxm)θo(xn+1, oxn+2, oxm)...θo(xm−2, oxm−1, oxm)fm−1dθ(x0, ox1)

⪯ θo(x1, ox2, oxm)θo(x2, ox3, oxm)...θo(xn, oxn+1, oxm)fndθ(x0, ox1)

+θ(x1, ox2, oxm)θo(x2, ox3, oxm)...θo(xn, oxn+1, oxm)θ(xn+1, oxn+2, oxm)fn+1dθ(x0, ox1)

+...+ θ(x1, ox2, oxm)θo(x2, ox3, oxm)...θo(xm−2, oxm−1, oxm)fm−1dθ(x0, ox1).

Let

Sn =

n∑
j=1

f j(dθ(x0, x1))Π
j
i=1θ(xi, oxi+1, oxm).

Thus for m > n, we have

dθ(xn, oxm) ⪯ [Sm−1o− oSn].

Equivalently,

|dθ(xn, oxm)| ≤ |Sm−1o− oSn|.

Considerotheoserieso
∞∑
n=1

fn(dθ(ox0, ox1))Π
n
i=1θ(xi, oxi+1, oxm).
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Take ouno =
∑∞

n=1 f
n(dθ(x0, ox1))Π

n
i=1θ(xi, oxi+1, oxm). We have

un+1

un
=

fn+1(dθ(x0, ox1))

fn(dθ(x0, ox1))
oθ(xn+1, xn+2, xm).

Since

sup
m≥1

lim
n→∞

fn+1(t)

fn(t)
θ(xn+1, oxn+2, oxm)o ≺ o1

for each m ∈ N, the series
∞∑
n=1

fn(dθ(x0, x1))Π
n
i=1θ(xi, xi+1, xm)

converges by ratio test. When n→ ∞ , Sn −→ 0 or equivalently,

|dθ(oxn, oxm)| −→ o0 (7)

which shows thato{xn}o isoaoCauchyosequenceoinoX. ByocompletenessoofoX,othere exists some zo ∈ oXosuchothato

lim
n→∞

xn = z. (8)

Now, otooshowothatozoisoa �xedopointoofoT, consider

dθ(z, oTz) ⪯ θ(z, xn+1, oTz)[dθ(oz, xn+1) + dθ(oxn+1, oxn+2) + dθ(oxn+2, T z)]

⪯ θ(z, xn+1, oTx)[dθ(z, xn+1) + dθ(oxn+1, oxn+2) + dθ(Txn+1, T z)]

⪯ θ(z, xn+1, Tx)[dθ(z, oxn+1) + dθ(oxn+1, oxn+2) + fomax[dθ(xn+1, z),

dθ(xn+1, Txn+1), odθ(z, Tz)]].

Using (6), (7) and (8) when n→ ∞,
dθ(z, Tz) ⪯ 0.

Hence, Tz = z. Tooproveouniqueness,olet z and z∗ beotwo �xed points ofoT .
Now,

dθ(oz, oz
∗) = dθ(oTz, oTz

∗)

⪯ fM(z, oz∗)

= f [max o[dθ(z, oz
∗), dθ(oz, oTz), odθ(z

∗, oTz∗)]]

= fdθ(z, oz
∗)

≺ dθ(zo, z
∗)

whichoisoaocontradiction.o Thus, Tohasoaouniqueo�xedopoint.

Weohaveotheofollowingocorollary.

Corollary 3.1. Leto(X, dθ) beoaocomplex-valuedoextendedorectangular b-metricospaceoand θ : X × X →
[1,∞). Let T : oX → oX satisfy

dθ(ox, oy) = k[maxo{dθ(ox, oy), dθ(ox, oTx), odθ(y, Ty)}].

Suppose thatoforoeachox0o ∈ oX andofor eachoto > o0,

sup
m≥1

lim
n→∞

θ(xn, xm) ≺ 1/k

whereoxno = oTn(x0) for no ∈ oN. Also, assumeothatoforoX,

lim
n→∞

θ(x, xn)

exists and is �nite. ThenoTohasoaouniqueo�xedopoint,osay z ∈ X. Also Tny → z for each y ∈ X.
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4. A complex-valued new extended fuzzy rectangular b-metric space

Inothisosection,oweoextended the complex valuedoextended fuzzy rectangularob-metricospaceotooa com-
plexovaluedonew extended fuzzy rectangularob-metricospace.o Here, we present some of the basic notions
which are helpful in de�ning and proving our results. WeosetoPo = {(a, ob) : 0o ≤ oa < o∞, 0o ≤ b <
o∞} ⊂ C. Theoelementso(0, 0)o, (1, 1)o ∈ oP areodenotedobyoϕ andoloorespectively.
De�neoaopartialoorderingoonoC byoc1 ⪯ c2 ifoandoonlyoifoc2o− c1o ∈ oP .
c1 ≺ oc2 means Re(c1)o < oRe(c2) and Im(c1)o < o Im(c2).
We de�ne theoclosedounitocomplexointerval.o

Io = {(a, ob) : o0o ≤ ao < o1, o0 ≤ bo < o1}

andoopenounitocomplexointervalo

Iϕ = {(a, ob) : o0 ≤ ao < o1, o0 ≤ bo < o1}

and
Pϕ = {(a, ob) : 0 ≤ oao < o∞, 0 ≤ ob <∞}.

De�nition 4.1. [17] A binaryooperationo∗ : Io × oIo → I is called a complexovaluedotriangular normo(t-
norm) if it satis�es theofollowingoconditions:
(i) c1 ∗ oc2 = c2o ∗ c1,
(ii) c1 ∗ oc2o ⪯ c3 ∗ c4, whenever c1o ⪯ c3 and c2o ⪯ c4;
(iii) (c1o ∗ c2)o ∗ oc3o = oc1 ∗ o(c2 ∗ oc3),
(iv) c ∗ oθo = θ and c ∗ olo = c
foroalloc, oc1, oc2, oc3, oc4o ∈ oI.

Example 4.1. [17] The followingoareothreeobasicocomplex valued t-norms:o
(i) Theominimumot-normo, TM (c1, c2, )o = (min{a1, oa2},min{b1, ob2}).
(ii) Theoproductot-normo, TP (c1, c2) = (a1a2, b1b2).
(iii) TheoLukasiewiczot-normo, TL(c1, oc2) = (maxo{a1+oa2−o1, o0},maxo{b1+ob2−o1, 0}), whereoc1o =

o(a1, ob1), oc2 = (b1, ob2) ∈ oI.

De�nition 4.2. [17] LetoXobeoaononemptyoset, ⋆ beoaocontinuousocomplex-valuedot-normoand M
be oaocomplexofuzzyosetoonoX × oX × Pϕ ifoforoallox, oy, oz ∈ oX andoc, oc′ ∈ o Pϕ, we have:

(1bM): ϕo ≺M(x, oy, oc);

(2bM): M(x, oy, oc)o = l, foroeveryoc ∈ o Pϕ ⇔ xo = y;

(3bM): M(x, oy, oc) =M(y, ox, oc);

(4bM): M(x, oy, oc) ⋆ Mθ(y, oz, oc
′) ⪯M(x, oz, oc+ c′);

(5bM): M(x, oy, o·) : Pϕ → I isoleft-continuous.o

Then the quadruple (X,M, ⋆) is a ocomplex-valuedofuzzyometricospaceoandMθ is a complexovaluedofuzzy
metricoon X.

De�nition 4.3. [18] LetoX beoaononempty seto, s ≥ 1 and ⋆ beoaocontinuousocomplex-valued t-normoandoMo
be aocomplex fuzzyosetoonoX × oX × Pϕ if foroallox, oy, oz ∈ oX andoc, c′ ∈ Pϕ, we have:

(1bM): ϕ ≺M(x, oy, oc);

(2bM): M(x, oy, oc)o = ol, for every c ∈ Pϕ ⇔ xo = y;
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(3bM): M(x, oy, oc)o =M(y, ox, oc);

(4bM): M(x, oy, oc) ⋆ oM(y, oz, oc′) ⪯M(x, oz, os(c+ c′));

(5bM): M(x, oy, ·) : Pϕ → Iois left continuous.o

Then the quadruple (X, oM, ⋆, s) is a complex-valuedofuzzyob-metricospaceoandoM is a complexovaluedofuzzy
b-metricoonoX.

Now, theonotion of a ocomplex-valued new extendedofuzzyorectangular b-metricospaceoand some basic
terminologies will be presented.

De�nition 4.4. Let X beoaononemptyoset , θ beoaofunctionode�ned as θ : X × X × X → [1,∞), ⋆
beoaocontinuousocomplex-valuedot-normoand Mθ be aocomplexonew extended fuzzyorectangular setoonoX ×
X × Pϕ if foroallox, oy, oz ∈ oX and c, oc′o ∈ o Pϕ, we have:

(1bMθ): ϕ ≺Mθ(x, oy, oc);

(2bMθ): Mθ(x, oy, oc) = l, foroeveryoc ∈ Pϕ ⇔ x = y;

(3bMθ): Mθ(x, oy, oc)o =Mθ(y, ox, oc);

(4bMθ): Mθ(x, oy, oc) ⋆ Mθ(y, u, c
′) ⋆ Mθ(u, z, oc

′′) ⪯Mθ(x, z, θ(x, oy, oz)(c+ c′ + c′′));

(5bMθ): Mθ(x, y, ·) : Pϕ → I isoleftocontinuouso.

Then theoquadrupleo(X,Mθ, ⋆, θ) is a complex-valued new extended fuzzy rectangular b-metricospace and
Mθ is a complex-valuedonew extendedofuzzy rectangular b-metricoon X.

Remark 4.1. (1): Ifoθ(x, y, z) = θ(x, oy), then a ocomplex-valued new extended fuzzy rectangular b-metric
spaceobecomes a complex-valuedoextendedofuzzy rectangular b-metricospace.
(2): Ifoθ(x, oy), o = so thenoa complex-valuedoextended fuzzy rectangularob-metricospaceoreduces to a complex-
valuedofuzzy rectangular b-metricospace.
(3): If s = 1, othenoa complex-valued fuzzyorectangularob-metricospaceoreducesoto a complex-valued fuzzyorectangularometricospace.

Example 4.2. Leto(X, odθ, θ) be aonew extendedob-metricospace. Consider Mdθ : X × oX × Pϕ → I
suchothat o

Mdθ(x, oy, oc) =
a.ob

ab+ dθ(x, oy)
l,

where c = (a, b) ∈ Pϕ and ∗ is a min t-norm. Then (X,Mdθ , ∗, θ) isoaocomplexovaluedonew extendedofuzzy
rectangular b-metricospace. Mdθ isoknownoas a ostandard complex-valuedonew extended fuzzy rectangular
b-metrico.

Remark 4.2. Everyocomplex-valuedonew extended fuzzyorectangular b-metricomayonotobeoinduced byoaonew
extendedob-metricospaceo.

Example 4.3. Let Xo = (+3,∞) andoletoMdθ : X ×X × Pϕ → I beode�nedobyo

Mdθ(x, oy, ot) =

{
( 1x + 1

y )l if xo ̸= y;

l, if oxo=oy

whereoco = o(a, ob) ∈ Pϕ and ∗ isoaomaximum complexovaluedot-norm, then (X,Mdθ , ∗, θ) is a complex-
valued new extendedofuzzy rectangular b-metricospace.
Itocanobeoeasilyoseen thatothereois not a new extended b-metricod onoXoinducing the given complex valued
new extendedofuzzyorectangular b-metricospaceo.
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De�nition 4.5. Given a function θ : X×X×X → [1,∞). A functionof : R → R is known asoθ−nondecreasing
if foroanyot < u we have

f(t) ≤ f(θ(x, oy, oz)u).

Lemma 4.1. Leto(X,Mdθ , ∗, θ) beoaocomplexovalued new extended fuzzy rectangularob-metricospace.
Foroallox, oy ∈ oX andoc1, c2 ∈ C, theomapping Mθ(x, y, ·) : [0,∞) → [0, 1] isoθ−non-decreasing. That is,
ifoc1o ≺ oc2 , thenoMθ(x, oy, oc1) ⪯Mθ(x, oy, oθ(x, x, y)c2).

Proof. Foroc1o ≺ oc2, where c1, oc2 ∈ Pϕ, andoc2o− oc1 ∈ Pϕ, we have

Mθ(x, oy, oc1) = l∗Mθ(x, oy, c1)∗l =Mθ(x, ox,
c2 − c1

2
)∗Mθ(x, oy, c1)∗Mθ(y, oy,

c2 − c1
2

) ⪯Mθ(x, oy, θ(x, ox, oy)c2)

thatois,o
Mθ(x, oy, c1) ⪯Mθ(x, oy, θ(x, ox, y)c2).

De�nition 4.6. Let (X,Mθ, ∗, θ) beoaocomplex-valuedonew extended fuzzyorectangular b-metric space.
(1) Aosequenceo{xn} inoXoconvergesotooxo ∈ X ifoforoevery r ∈ Iϕ andoevery c ∈ Pϕ, thereoexists n0 ∈ N
suchothatoforoallo no > n0,

l − r ≺Mθ(xn, ox, oc).

Equivalently,
lim
n→∞

xn = x.

(2) Aosequenceo{xn}oinoXoisosaidoto obeoaoCauchyosequenceoifofor oeveryoc ∈ Pϕ,

lim
n→∞

inf
n>m

Mθ(xn, xm, c) = l.

(3) (X,Mθ, ∗, θ) isosaidotoobeoa complete complex-valuedonew extended fuzzy rectangularob-metric spaceoifofor
everyoCauchyosequenceoxn in (X,Mθ, ∗, θ), thereoexists xo ∈ X suchothato

lim
n→∞

xn = x.

(4) Anoopenoballowithocentre atox ∈ X, radiusor ∈ Iϕ andoc ∈ Pϕ iso de�ned as

B(x, or, oc) = {y ∈ oX : lo− or ≺Mθ(x, oy, oc)}.

(5) Leto(X,Mθ, ⋆, θ) beoaocomplex-valuedonew extended fuzzy rectangularob-metricospaceoand τ be de�nedoaso:

τ = {A ⊂ X : x ∈ oA iff ∃ r ∈ Iϕ and c ∈ Pϕ suchothatoB(x, r, c) ⊂ A}.

ThenoτoisoaotopologyoonoX.

We proveotheoBanachocontractionotheorem in complex-valuedonew extended fuzzy rectangularob-metricospaces.

Theorem 4.1. (Banach contraction theorem): Let (X,Mθ, ⋆, θ) beoaocompleteocomplex-valued new ex-
tended fuzzyorectangular b-metricospaceosuchothatoforoevery sequenceo{cn} ∈ Pϕ witho lim

n→∞
cn = ∞ weohave

o
lim
n→∞

inf
y∈X

Mθ(x, oy, ocn)o = ol ∀o x ∈ oX.o

LetoTo : Xo→ oX beoaomappingosatisfying o

Mθ(Tx, oTy,
kc

θ(ox, x, y)
) ⪰Mθ(x, oy, c), ∀ x, oyo ∈ X (9)

where c ∈ Pϕ and 0o < ko < 1, then there is a unique �xedopointoof T.
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Proof. Letox0 ∈ X beoan arbitraryoelement.o Letoxno be inoX so that o

xn = Txn−1 , (no ∈ oN).

If xno = xn−1 , thenoxnoisoao�xedopointoofoT .
Let xno ̸= xn−1 foroall no ∈ oN.
Now, we will prove that {xn} isoaoCauchyosequence inoX. De�neo

Bn = {Mθ(xn, oxm, c) : mo > on}

foroallon ∈ oNo andoc ∈ Pϕ .
Since

θ ≺Mθ(xn, oxm, oc) ≺ ol.

and inf Bno = βn existsoforoallon ∈ oN, weohave

Mθ(xn, oxm, oc) ⪯Mθ(xn, oxm, o
θ(xn, oxn, oxm)c

k
) ⪯Mθ(Txn, oTxm, oc) ⪯Mθ(xn+1, xm+1, c). (10)

Thus, from
θ ⪯ βn ⪯ βm ⪯ l,

itofollowsothato{βn} isoaomonotonicosequenceoinoP. Therefore,oweohaveoanol0o ∈ oP satisfyingo

lim
n→∞

oβno = ol0o.

Now,

Mθ(xn+1, oxm+1, c) ⪰ Mθ(xn, oxm,
θ(xn, oxn, oxm)c

k
)

= Mθ(Txn−1, oTxm−1,
θ(xn, xn, xm)c

k
)

⪰ Mθ(xn−1, oxm−1,
θ(xnxn, xm)θ(xn−1, xn−1, xm−1)c

k2
)

= Mθ(Txn−2, Txm−2,
θ(xnxn, xm)θ(xn−1, xn−1, xm−1)c

k2
)

⪰ Mθ(xn−2, xm−2,
θ(xnxn, xm)θ(xn−1, xn−1, xm−1)θ(xn−2, xn−2, xm−2)c

k3
)

...

⪰ Mθ(x0, oxm−n,

n,m

Π
i,j=1

θ(xi, xi, xj)c

kn+1
).

Thus,

βn+1 = inf
mo>on

Mθ(xn+1, oxm+1, oc)

⪰ inf
m>n

Mθ(x0, xm−n,

n,m

Π
i,ojo=1

θ(xi, xi, xj)c

kn+1
)

⪰ inf
y∈X

Mθ(x0, y,

n,m

Π
i,ojo=1

θ(xi, xi, xj)c

kn+1
).
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Since lim
n→∞

n,m

Π
i,j=1

θ(xi,xi,xj)c

kn+1 = ∞, we obtain

l0 ⪰ lim
n→∞

inf
y∈X

Mθ(x0, y,

n,m

Π
i,j=1

θ(xi, xi, xj)c

kn+1
)o = ol

whichoimpliesothatol0o = ol.
Thus,o{xn}oisoaoCauchyosequenceoinoX. SinceoXoisoa completeocomplex valued new extended fuzzy rect-
angularob-metricospace, thereoexistsoaopointox ∈ X suchothatofor all c ∈ Pϕ,

lim
n→∞

Mθ(xn, x, c) = l.

Next,oweowilloshowothatox isoao�xedopointoofoT . Now by using (4bMθ), one writes

Mθ(x, oTx, c) ⪰ Mθ(x, oxn+1,
c

3θ(x, oxn+1, oTx)
) ⋆ Mθ(xn+1, oxn+2,

c

3θ(x, oxn+1, oTx)
)

⋆Mθ(xn+2, Tx,
c

3θ(x, xn+1, Tx)
)

= Mθ(x, oxn+1,
c

3θ(x, oxn+1, oTx)
) ⋆ Mθ(Txn, oTxn+1,

c

3θ(x, xn+1, oTx)
)

⋆Mθ(Txn+1, oTx,
c

3θ(x, oxn+1, oTx)
)

⪰ Mθ(x, oxn+1, c/3k) ⋆ Mθ(xn, xn+1, c/3k) ⋆ Mθ(xn+1, x, oc/3k).

When n→ ∞, weohave

Mθ(x, Tx, c) ⪰ l ⋆ l ⋆ l = l

=⇒ Tx = x.

Uniqueness: Letoxoandox⋆beotwoo�xedopointsoofo the mapping T. So Txo = ox andoTx⋆ = x⋆, that
is, Mθ(Tx, ox, oc) = l and Mθ(Tx

⋆, x⋆, oc) = l. Now,

Mθ(x, ox
⋆, oc) = Mθ(Tx, oTx

⋆, oc)

⪰ Mθ(x, x
⋆,
θ(x, ox, x⋆)c

k
)

whichoisoaocontradiction.o Hence,oxo = ox⋆.

Now,oweogiveoanoexampleoto make ouoresultomeaningful.

Example 4.4. LetoXo = o[0, 1] andoconsider Mθ : X ×X × Pϕ → I suchothato

Mθ(x, oy, c) =
a.ob

ab+ (xo− y)2
l,

whereoco = (a, ob) ∈ Pϕ theno(X,Mθ, ⋆, θ) isoaocomplete complex-valuedonew extended fuzzy rectangular
b-metricospaceowithoθ = 2 and foroanyosequence {cn} in Pϕ with lim

n→∞
cn = ∞, weohave

lim
n→∞

inf
y∈X

Mθ(x, y, cn) = l ∀ x ∈ oX.

Weode�neoa mappingoT : oX → oX aso
Tx = αx2

where α ∈ (0, 14). Itoisoeasy toosee thato

Mθ(Tx, oTy,
kc

2
) ⪰Mθ(x, oy, c), ∀ x, oy ∈ X (11)
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where c ∈ Pϕ and k = 4α ∈ (0, 1). Hence, allotheoconditionsoof above theoremoareosatis�edoando0 isotheounique
o�xedopointoofoT.

Next, we establish a commono�xedopointotheoremoin the setting of a ocomplex-valuedonew extended
fuzzy rectangularob-metricospace.

Theorem 4.2. Leto(X,Mθ, ⋆, θ) beoa complete complex-valuedonew extended fuzzy rectangularob-metric
spaceosuch thatoforoeveryosequenceo{cn} ∈ Pϕ witho lim

n→∞
cno = o∞ weohaveo

lim
n→∞

o inf
y∈X

Mθ(x, y, ocn)o = ol, ∀o x ∈ oXo

T, h : X → oX beotwooselfomappingsosatisfyingotheofollowingoconditions:

1. TX ⊆ hX,

2. T and h commute on X,

3. hoisocontinuousoonoX,

4. Mθ(Tx, Ty,
kc
θ ) ⪰ (Mθ(hx, hy, c) foroallox, oyo ∈ oX andoc ∈ Pϕ, whereoko ∈ o(0, 1).

ThenoToand h have a uniqueocommon �xedopointoin X.

Proof. Let x0 ∈ X beoanoarbitraryopointoand a sequence {xn} is de�ned. Since TX ⊆ hX, thereoexistsox1 ∈
X suchothato

y1 = hx1 = Tx0.

Similarly, thereoexistsox2o ∈ oX suchothato

y2 = hx2 = Tx1

and hx3 = Tx2.

In general foroallon ∈ N,
yn = hxn = Txn−1.

Also assume that yn ̸= yn+1. Otherwise, Toandoh have a oaocoincidenceopoint.
Now, oweowill showothato{yn} isoaoCauchyosequence.
Foroallon ∈ oN ando c ∈ Pϕ , weode�neo

Bno = {Mθ(yn, ym, c) : m > n}

foroallon ∈ N andoc ∈ Pϕ .
Since

ϕ ≺Mθ(yn, ym, c) ≺ l,

and inf Bn = βn exists for all n ∈ N, we have

Mθ(yn, ym, c) = Mθ(hxn, hxm, c)

⪯ Mθ(hxn, hxm,
θ(yn, yn, ym)c

k
)

⪯ Mθ(Txn, Txm, c)

⪯ Mθ(hxn+1, hxm+1, c) =Mθ(yn+1, ym+1, c).

Recall that
θ ⪯ βn ⪯ βn+1 ⪯ l.

Itofollowsothato{βn} isoaomonotonicosequenceoinoP. Therefore,oweohave l0 ∈ oP satisfyingo
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lim
n→∞

oβno = ol0.

Now,

Mθ(yn+1, ym+1, c) = Mθ(hxn+1, hxm+1, c)

= Mθ(Txn, Txm, c)

⪰ Mθ(yn, ym,
θ(yn, yn, ym)c

k
)

= Mθ(hxn, hxm,
θ(yn, yn, ym)c

k
)

= Mθ(Txn−1, Txm−1,
θ(yn, yn, ym)c

k
)

⪰ Mθ(yn−1, oym−1,
θ(yn, oyn, oym)θ(yn−1, yn−1, ym−1)c

k2
)

= Mθ(hxn−1, hxm−1, c)
θ(yn, yn, oym)θ(yn−1, yn−1, ym−1)c

k2

= Mθ(Txn−2, Txm−2,
θ(yn, yn, oym)θ(yn−1, oyn−1, oym−1)c

k2
)

⪰ Mθ(yn−2, oym−2,
θ(yn, oyn, oym)θ(yn−1, oyn−1, oym−1)θ(yn−2, oyn−2, oym−2)c

k3
)

...

⪰ Mθ(y0, ym−n,

n,m

Π
i,j=1

θ(yi, yi, yj)c

kn+1
)

= Mθ(hx0, hxm−n,

n,m

Π
i,j=1

θ(yi, yi, yj)c

kn+1
).

Thus,

βn+1 = inf
m>n

Mθ(hxn+1, hxm+1, c)

⪰ inf
m>n

Mθ(hx0, hxm−n,

n,m

Π
i,j=1

θ(yi, yi, yj)c

kn+1
)

⪰ inf
y∈X

Mθ(hx0, y,

n,m

Π
i,j=1

θ(yi, yi, yj)c

kn+1
).

Since lim
n→∞

n,m

Π
i,j=1

θ(yi,yi,yj)c

kn+1 = ∞ and byousing equation (3), weoobtain,

l0o ⪰ o lim
n→∞

inf
y∈X

Mθ(y0, y,

n,m

Π
i,j=1

θ(yi, yi, yj)c

kn+1
)o = ol

whichoimpliesothatol0o = ol. Thuso{yn} = {hxn} isoaoCauchyosequenceoinoX.
SinceoXoisoa completeocomplex valued new extendedofuzzy rectangularob-metricospace, there existsoaopointox ∈
X suchothatofor all c ∈ Pϕ,

lim
n→∞

hxn = x.

The continuityoof h implies the continuity of T , and so

lim
n→∞

Thxno = Tx.
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Since T and h commute on X, we have
lim
n→∞

hTxn = Tx.

Also, we know that o
lim
n→∞

Txn−1 = x

so this implies
lim
n→∞

hTxn−1 = hx.

Due to theouniquenessoofotheolimit, weohave Tx = hx. Thus, hTx = TTx.
By condition (4), weohave

Mθ(Tx, oTTx, oc) ⪰ Mθ(hx, hTx,
θ(hx, hx, hTx)c

k
)

= Mθ(Tx, oTTx, o
θ(hx, hx, hTx)c

k
)

⪰
...

⪰ Mθ(Tx, TTx,
θn(hx, hx, hTx)c

kn
)

= Mθ(Tx, ohTx,
θn(hx, hx, hTx)c

kn
)

⪰ inf
y∈X

Mθ(Tx, y,
θn(hx, hx, hTx)c

kn
).

As n→ ∞, we have

Mθ(Tx, TTx, c) = l

=⇒ TTx = hTxo = Tx.

That is, oTxoisoaocommon �xedopointoofoh and oT.
Uniqueness: LetoTx andox⋆beotwoocommono�xedopointsoofo the omappingsoT and h, so using the con-
ditiono(4) with xo = oTx andoyo = x⋆ weohave

l ⪰ Mθ(Tx, ox
⋆, c)

= Mθ(TTx, oTx
⋆, c)

⪰ Mθ(hTx, hx
⋆,
θ(x, ox, y)c

k
)

= Mθ(Tx, ox
⋆,
θ(x, ox, oy)c

k
)

....

⪰ Mθ(Tx, x
⋆,
θn(x, x, y)c

kn
)

⪰ inf
y∈oX

Mθ(Tx, oy,
θn(x, x, oy)c

kn
).

Now,

lim
n→∞

θn(x, ox, oy)c

kn
= ∞,

and we have

Mθ(Tx, ox
⋆, c) = l.

Thus, Txo = x⋆. It completes theoproof.
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5. Applications to the existence of solutions of integral equations

Inothisosection,o weostudy the existence of a solutionoofotheofollowingointegraloequation byousing
oouromainoresults.

Theorem 5.1. Theogiven integral equation hasooneoandoonlyooneosolutionoinoC([0, o1],Ro) ifothe follow-
ing four conditionsoareosatis�ed.

x(t) = v(t) + β

∫ 1

0
ψ(c, θ)f(θ, x(θ))dθ.∀c ∈ [0, 1] (12)

1. v : [0, 1] → R isocontinuouso,

2. f : [0, 1]× R → R is continuous, f(c, x)o ≥ 0 andothere is ko ∈ o[0, 1) sucothato

|f(c, x)o− f(c, y)| ≤ ok|xo− y|

foroallox, oyo ∈ R,
3. ψ : [0, 1] × o[0, 1] → R isocontinuousoat c ∈ [0, 1], for all θ ∈ [0, 1] andomeasurableoat θ ∈ [0, 1]

foroalloc ∈ [0, 1]. Also ψ(c, θ) ≥ o0 and
∫ 1
0 ψ(c, θ) ≤ L,

4. k2L2β2 ≤ 1/2.

Proof. Let Xo = C([0, 1o],R) andode�neoaomappingoT : X → oX by

Tx(t) = v(t) + β

∫ 1

0
ψ(c, θ)f(θ, x(θ))dθ, c ∈ [0, 1].

De�neoaomappingoM : X2o× Pθo→ Io byo

M(ox, oy, c) = l − sup
t∈o[0,1]

(x(t)o− y(t))2

eab
l

whereoc = (a, b) ∈ Pϕ. Clearly, X is a complete complex valued new extended fuzzyorectangularob-
metricospace. Moreover, foroall ox, y ∈ X andot ∈ [0, 1] weohaveo

|Tx(t)o− oTy(t)| = o β|
∫ 1

0
ψ(c, oθ)f(oθ, ox(θ))dθ − ψ(c, θ)f(oθ, y(θ))dθ|

≤ o β

∫ 1

0
ψ(c, θ)|f(oθ, ox(θ))o− f(oθ, oy(θ))|dθ

≤ o β

∫ 1

0
ψ(c, θ)k|x(θ))− y(θ))|dθ

≤ o βLk sup
t∈[0,1]

|x(t)o− oy(t)|.

From

sup
t∈o[0,1]

|Tx(t)o− oTy(t)| ≤ oβLk sup
t∈o[0,1]

|x(t)o− oy(t)|

it followsothato

sup
t∈o[0,1]

|Tx(t)o− Ty(t)|2

eab
≤ β2L2k2 sup

t∈o[0,1]

|x(t)o− y(t)|2

eab

≤ 1

2
sup
t∈[0,1]

|x(t)o− oy(t)|2

eab
.

Thus, theointegraloequationohasoaouniqueosolutionoinoX = C([0, 1],R).
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Next, we give anoexampleoofoan integraloequationoandoestablish theoexistenceoofoits osolutionsoby usingoabove
theoremo.

Example 5.1. Considerotheofollowingointegraloequation o

x(t)o = o
1

1 + t
+ 2

∫ 1

0

θ2

t2 + 2
.
|cosx(θ)|

5eθ
dθ.

Here,

β = 2, v(t) =
1

1 + t
, ψ(c, θ) =

θ2

t2 + 2
, of(t, ox) =

|cosx|
5et

Clearly, f isocontinuousoono[0, o1]× oR ando

|f(t, ox)− f(t, oy)| =
1

5eto
||cosx|o− o|cosy||

≤ 1

5eto
|cosxo− ocosy|

≤ 1

5o
|cosxo− ocosy|

≤ 1

5o
|xo− oy|

foroallox, yo ∈ oR. f satis�esotheoconditiono(2) of the above theoremowith ko = o1/5. Also, ov is continuous.
We have ∫ 1

0
ψ(c, θ)dθ =

∫ 1

0

θ2

t2 + 2
dθ =

1

t2 + 2
.
1

3
≤ 1

6
= L.

Moreover,
k2L2β2 ≤ 1/2.

Since allotheoconditionsoofoabove theoremoareoful�lled, the given integraloequationohasoa unique solutionoino
Xo = oC([0, o1],R).
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