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Abstract

The concepts of a complex-valued new extended b-metric space, a complex-valued new extended rectangular
b-metric space and a fuzzy rectangular b-metric space are initiated. We present some fixed point results in
these settings via different contraction type mappings. We also give some examples and as an application
we solve an integral equation.
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1. Introduction

Fixed point theory plays avital role in mathematics and applied sciences, such as an optimization,
mathematical models and economic theories. Also, this theory has been applied to show the existence
and uniqueness of a solution of differential equations, integral equations and many other branches of
mathematics, see [I}, 2, B]. In 1922, Banach gave the most fundamental and remarkable theorem known as
the Banach Contraction Principal (B.C.P), which is an important tool to ensure both the existence and
uniqueness of fixed points for contraction mappings from a complete metric space to itself. This theo-
rem provides an illustration of the unifying power of functional analytic methods and the usefulness
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of fixed point theory in analysis. The important feature of the Banach contraction principle is that
it gives the existence, uniqueness and sequence of the successive approximation converges to a solution of the

In 1965, Zadeh [4] initiated the development of the modified set theory known as fuzzy set theory,
which is atool that makesa possible the description ofa vague manipulation within them. The basic idea of
the fuzzy set is simple and natural.

In 1975, Kramosil and Michalak [5] introduced the fuzzy metric space. In 1994, the concept of a
fuzzy metric space was modified by George and Veeramani [6] such that the Hausdorff topology is in-
duced in modified fuzzy metric spaces. The study of fixed point theorems in fuzzy mathematics was in-
vestigated by Heilpern [7]. He introduced the concept of a fuzzy contraction mappings and established
fixed point results for fuzzy contraction mappings in the framework of complete metric spaces. In 1988,
Grabiec [8] generalized the Banach and Edilston fixed point theorems in fuzzy metric spaces. Bakhtin
[9] and Czerwik [10, I1I] introduced the b-metric spaces and proved some fixed point theorems for single-
valued as well as multivalued mappings in b-metric spaces. Respectively, the notion of a b-metric space was
re-introduced by Khamsi [I2] and Hussain [I3] with the name of a metric type space. On the other
hand, a very important paper on fixed point theory in applied sciences is investigated by Ran and Reurings
[14]. They established the results by using partial order sets. In 2016, Nadaban [I5] introduced the fuzzy b-
metric space which is a more general space.

In 2015, George al. introduced the mixed concept of a b -metric space and a rectangular metric space,
named as a rectangular b -metric space [RbMS] which is not necessarily Hausdorff. This space gener-
alized many previous spaces. In 2017, Kamran et al. [l| introduced the concept of an extended b-
metric space and many results then have been proved in this space. The idea of extended rectangular b-
metric spaces is presented in [22] and [23]. In 2011, Azam et al. [16] defined the notion of a complex-
valued metric space which is more general than the well-known metric space. Shukla et al. [I7] ex-
tended the concept of a fuzzy metric space to complex-valued fuzzy metric space and obtained some

fixed point results in this space. Demir [18] introduced the concept of a complex-valued fuzzy b-metric space,
generalizing both the notion of a complex-valued fuzzy metric space and the notion of a b-metric space.

In 2014, Mukheimer [19] introduced the notion of complex valued b-metric space. Recently, Naimatullah et

al. |21] defined the notion of complex-valued extended b-metric space. Here, in the second section, we ex-

tend this space by defining a complex-valued new extended b-metric space and prove common fixed point results
using almost contractive mappings. In the third section, we give the concept of a complex-valued new ex-
tended rectangular b-metric space and present a related fixed point result. Also, we introduce a fuzzy version

in a rectangular space, known asa complex-valued new extended fuzzy rectangular b-metric space as a gen-
eralization of complex-valued fuzzy extended rectangular b-metric spaces and prove some fixed point results with
some applications.

2. A complex-valued new extended b-metric space

We recall some basic concepts that are necessary in the sequel. Most of these preliminaries are recorded

from [16, 20, 21].

Definition 2.1. Let C be the set of all complex numbers and x1,xo € C. The partial order on C is de-
fined as: x1 =< xo if and only if Re(z1) < Re(x2) and Im(xy) < Im(ze). This implies that x1 < xo
if one of the following conditions are fulfilled:

(i) Re(x1) = Re(xz), Im(z1) < Im(xs);
(i1) Re(z1) < Re(xz), Im(z1) = Im(x2);
(113 )Re(z1) < Re(z2), Im(x1) < Im(z2)
(w)Re(x1) = Re(z2), Im(z1) = Im(x2).

)

In 2011, Azam et al. [I6] introduced a complex-valued metric space as follows:

Definition 2.2. Let X be a non-empty set. The function d : X x X — C is called a compler valued
metric if for all x, y, z € X, the following properties hold:
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(1) 0= d(z, y) and d(z, y) = 0iff v =y;
(ii) d(z, y) = d(y, =);
(iii) d(z,2) = d(z, y) + d(y,z).

The pair (X,d) is called a complez-valued metric space.

Example 2.1. Let X = [0,1]. Forz, y € X,d: X x X — C is defined as

_J 0 if T =y;
d(@, ) _{ i/2 if x Ay

Then d is a complex-valued metric on X.
In 2014, Mukheimer [19] introduced the notion of a complex-valued b-metric space as follows.

Definition 2.3. Let X be a non-empty set andb>1 be a real number. The functiond : X x X — C
1s called a complez-valued b-metric if for all x,y,z € X, the following properties hold:

(i) 0= d(z, y) and d(z, y) =0iff v =y;

(i) d(z, y) =d(y, ©);

(i1i) d(z,z) 2 bld(z,y) +d(y,z)].

The pair (X ,d) is called a complez-valued b-metric space.

Recently, Naimatullah et al. [2I] defined the notion of a complex-valued extended b-metric space
in the following way.

Definition 2.4. Let X be a non-empty set and 0 : X x X — [1,00) be a given function. The function
dg : X x X — C 1is called a complex valued extended b-metric if for all x,y,z € X, the following
properties hold:

(Z) 0= d@(.%',y) and d@(xv y) =0 Z_ﬁl’ =Y

(”) d@(l‘, y) = d@(ya '1:)7'

(”Z) dg(.%', Z) = 0(.’1],y)[d9($, y)+d9<y7 Z)]

The pair (X,dy) is called a complez-valued extended b-metric space.

Example 2.2. Let X =[0,00) and 0 : X x X x X — [0,00) be defined as 0(z, y, z)= H;Tz—;y
Also,

(i)dQ(xa y) = xiyvvxﬂy S (07 1];

(ti)dg(x, y) =0iff x =yV x,y € [0, 1],

(i7i)dp(z,0) = dp(0,2)¥ = € (0,1].

Then (X,dp) is a complex-valued extended b-metric space.

Definition 2.5. [Z]] Let (X,d) be a complez-valued extended b-metric space. We denote
s(u) = {z € C:u <2z }.
For x € X and Y € CB(X) ,

sz, Y)= y%ys( d(z,y)) = yLejy{z eC:d(x, y) =z}

ForY, Y' € CB(X),
s v) = (o st y)) U (0, st 1)),

Now, we define a complex-valued new extended b-metric space which generalizes a complex-valued extended
b-metric space. We give an example and a common fixed point result in this space using almost contrac-
tion mappings.
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Definition 2.6. Let X be a non-empty set and 6: X x X x X — [0,00) be a function. Then dy : X X
X — C s called a complez-valued new extended b-metric if for all x,y,z € X, the following properties
hold:

(1) 0 < dg(x, y) and dp(z,y) = Oiff v =y ;

(ZZ) d9($7 y):de(yv 1‘),’

(Z”) dg((]?, Z)j 0(1’, Y, Z)[dg(x, y)+ d9(y7 Z)]

The pair (X,dg) is called a complex-valued new extended b-metric space.

Example 2.3. Let X = [0, o0) and 0 : X x X x X — [0,00) be a function defined as 0(x, y,z) =
1+x+4+ y+ 2z Also, forx,ye X, dg: X x X — C is defined as

wen={ L Lo

Then dg 1s a complex-valued new extended b-metric on X.
We prove our main result using the following definition.

Definition 2.7. Let (X,dy) be a complez-valued new extended b-metric space. A mapping T : X —
X is said to be an almost contraction if there exist v € (0,1) andt > 0 such that for allz, y € X

dG(T$a Ty) < T‘dg(ﬁl?, y) + td@(yv TI‘)

Theorem 2.1. Let (X,dp) be a complez-valued new extended b-metric space and X be a non-empty set ,
0:Xx Xx X —[0,00) be a function and S, T : X x X — CB(X) be a pair of multi-valued mappings with
g.l.b property such that for all z,y € X

ardg(z, y)+ asldg(x, Sx) + dg(y, Ty)] + as[dg(y, Sz) + dg(x,Ty)]

d@(ya Ty) [1+ dg(l‘,S.%’)] + d@(y,Sl’)[l—f— dg(l‘,Ty)]

+
“ 1+ d@(l’, y) “ 1+d¢9(x7 y)

dg(-%', y)[l—i-d@(l‘, Sl’)—l—de(y, SJ,‘)]

+
a6 1+ d9($7 y)

+tdg(y, Sz) € s(Sz, Ty) (1)

where ay, a2, as, a4, as, ag, t are non-negative real numbers such that a; + 2as + 2a36(xg, x1,x2) +

ag +ag < 1 and k(1 — ag — a3f(xg, x1,22) — ay = a1 + az + asf(xg, x1,22) + ag where k € [0,00) be

such that for each zo € X, lim 6(z,, Tpt1,2m) < 1/k. Also, lim 0(x, z,,Tz)and lim 0(z,x,, Tpi1)
,Mm—00 n—00 n—00

)

exist and are finite, then S and T have a unique common fixed point.

Proof. Let xg € X then Tz # 0. Let x1 € Sxq, then

ardg(xo, x1) + az[dg(xo, Szo) + do(x1, Tx1)] + as[dg(z1, Sxo) + do(zo, Tz1)]

ta dg(z1, Tx1)[l + dg(xo, Sx0)] e do(z1, Szo)[1+ do(zo,Tx1)]
4 1 + dy(z0,21) ° 1+ dg(z0, 1)
dg(l‘o, 1‘1)[1 + dg(xo, Sxo) + dg(l’l, S:Eo)]

+a
6 1+ dg(xg, 1)

+ tdg(z1, Sxo) € s(Sxo, Tx1)
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ardg(zo, x1)+ az[dg(zo, Sxo) + do(z1, Tz )] + as[dg(x1, Szo) + dg(xo, Tx1)]

d9($1, Tl’l)[l + dg(l‘o, 5.7}0)] ta d@(l’l, Sl‘o)[l + d9($0, Txl)]

+
4 1+ dp(xg,x1) > 1 +dg(xo, x1)

dg(zo, x1)[1+ do(zo,Sx0) + dg(x1, Sx0)] ttdg(z1, Sm0) € A s(a,Tay).

tas 1+ dg(x(], .’El) a€Sxo

This implies that
ardg(xo, x1) + az[dg(xo, Szo) + do(x1, Tx1)] + as[dg(z1, Sxo) + do(zo, Tz1)]

da(l‘l, Ta:l)[l + dg(l’o, S.Z‘(])] n dg(:(}l, Sl‘o)[l + de(l‘o, Ta;l)]

+a a
4 1+ do(xg, x1) > 1 +dg(xo, x1)

do(zo, x1)[1+ dp(xo, Sx0) + dg(x1, S0)]

+a
6 1+ da(m’o, :L'l)

+ tdg(x1, Szo) € s(a,Tr1), Va € Sxo.
Since x1 € Sxg, one writes
ardg(zo, 1) + azlde(wo, Sx0) + dg(21, T1)] + az[de(x1, Sz0) + dg(0, T21)]

da(l’l, Tl‘l)[l + dg(l‘o, S{L‘Q)] dg(fl)l, Sl‘o)[l + de(l’o, Tl‘l)]

+a +a
4 1+ do(xg, x1) 0 1 +dg(xo, x1)

do(zo, x1)[1+ do(zo, Sx0)+ dg(x1, Sz0)]

+a
6 1 —|—d9($0, :L’l)

+ tdg(x1, Sxo) € s(Sx1,Tx1)

aldQ(CC(], xl) —|—a2[d9(x0, Sxo) —|—d9($1,T$1)] —|—CL3[d9(CL‘1, S.T[)) +d9($0, Tl'l)]

do(z1, Tx1)[l+ do(zo, Sz0)] " do(z1, Sz)[1 + dg(xo, Tx1)]

+a a
4 1—|—d9(:1,‘(),$1) > 1+d0(x07 -731)

do(zo, =1)[1+ dg(xo, Sxo)+ do(x1,Sm0)]

+a
6 1+ dg(xo, 21)

td b).
+ tdg(z1, Swo) € begils(ﬂcla )
There exists xo9 € Tx1 such that

aldg(xo,SCl) + ag[dQ(CEQ, Sxo) + d@(l‘l,T.ﬁﬂl)] + ag[dg(l‘l, Sl‘[)) + dg(:ﬂo, Tl‘l)]

do(z1, Tx1)[l+ dg(zo, Sz0)] " do(z1, Sz0)[1 + dg(x0, Tz1)]

+a a
4 1+ d@(l‘o, 1‘1) > l—i-dg(.%’o, xl)

do(zo, =1)[1+ dg(x0,Sx0) + do(x1, S0)]

+a
6 1"’ d@(x07 xl)

+ tdg(x1, Szo) € s(d(z1,x2)).
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By definition and g.l.b property of S and T, we have

dg(z1,x2) < ardg(xg, z1) + azl[dg(xo, Szo) + dg(x1, Tx1)] + as[de(z1, Sxo) + do(xo, Tx1)]

do(z1, Tx1)[1+ dg(z0, Sx0)] ta do(z1,Sz0)[1 + do(x0,T71)]
1+d9($0,$1) > 1+d9(l‘0, l‘l)

+ay

dg (o, 21)[1 + dg(x0, Sx0) + dp(21, S20)]
1+ d@(l‘o, xl)

+ag + tdg(xl, Sxo)

dg(x1, x2) X ardg(xo, 1)+ aoldg(xg, x1)+ dg(x1, 22)]+ asde(x1,x1) + dg(x0, z2)]

dg(azl,xz)[1+d9(a:0, xl)] d,g(.fvl, xl)[l +d9($0,x2)]

+a +a
1 1+d9(a;0,w1) ° 1—|—d9($0, xl)

dg(xo, x1)[1 +dg(xo, 1)+ do(z1,21)]
1+ dg(zo, x1)

“+ag + tdg(:Ul, :Ul).

That is,

|do (w1, 22)| < a1|de(wo, z1)| + az(|dg(zo, 1)+ |dg(z1, w2)]]

+az|dg(xo, x2)|+ aslde(z1, z2)| + as|dg(xo, x1)|.
Since |dg(x1, x2)| < 14 |dgp(x1, x2)]

a1 + as + a3f(xo, x1,22) + a
1 —az — azb(zo, 1, T2)— a4

|dg(x1, z2)| < |dg(x0, z1)|

which further implies

|d9($1,l‘2)’ < k|d9($07$1)’

|do(2n, Tni1)] < K"|dg(wo, 1)

For m > n, we have

do(Tp, Tm) =X 0(xp, Tpi1, Tm)de(Tn, Tni1) +de(Tni1, Tm)]
= 0(xn, Tot1, Tm)ldo(Tn, Tni1) +0(Tnt1, Tot2, Tm)[do(Tnt1, Tni2) +do(Tni2, Tm)
= O(xn, Tpi1,Tm)de(xn, Tpi1) + 0(Tn, Tntt, Tm)0(@nt1, Tni2, Tm)de(Tni1, Tni2)
Foo+ 0(xn, Tpg1, Tm)0(Tnt1, Tnt2, Tm)--0(Tm—2, Tm—1,Tm)do(Tm—1,Tm)
< 0(Tn, Tpi1, Tm)k"do(zo, 1)+ O0(Tn, Tngi, Tm) O(Tpit, Tnios Tm)k"do(xo,z 1)
+oo+0(xn, i1, TM)0(Tnt1, Tnt2,Tm) - O(Tm—2, Tm—1, xm)k:m_ldg(xo, x1)
= O(x1, w2, Ty)0(x2, X3, Tpm) .. O(XTpn, Tni1, Tm)k"dg(xo, x1)

+9(x17 anxm) 0(1‘27 xs3, l‘m) e(mnv xn-i—la xm)e(xn—i-la xn—i—Q’ xm)kn+1d0(fﬁ0, xl)
+oo+0(x1, x2, TY) O(x2, T3, Tm) .. O(Tm—2, Tm—1, xm)kmfldg(xg, x1).



I. Shereen, Q. Kiran, H. Aydi, Adv. Theory Nonlinear Anal. Appl. 7 (2023), 107-129. 113

Since lim kO(xn, Tpy1, Tm) < 1, the series Y 2, k"I 0(xi, xiq1,Tm) converges for each m € N
n,M—00

by ratio test.
Let S= > >, k" II" ,0(z;, xip1,Tm) and S, = Z?Zl KT 1 0(xi, xis1, Tm). For m > n, we have

n=1
do(zy, Tm) = dg(xo, 1)[Sm-1 — Snl
Equivalently,
|do(xn, m)| < |dg(zo, 1)|[Sm—1 — Sal.
When n,m — oo,
|do(zn, Tm)| — 0

which shows that {z,} is a Cauchy sequence in X. By completeness of X, there exists some z € X

such that lim =z, = z.
—00

n
Now, we show that x € Sx and x € Tz. Using[I] we have,

a1dg(zon, ) + azldg(xan, Swan) + do(x, Tx)]+ as[dg( x,Swan) + do(xapn, Tx)]

‘o do( x, Tx)[1+ dp(z2n, ST2)] N do( x,Swap)[1 + do(xp,Tx)]

4 1+ dg(xon, ) > 1+ dp( xopn,x)

dg(xan, )[1 + do(x2n, STan) + do( z,Sway)]
14+ dy(xon, )

+ag + tdg(x, Sxa,) € s(Swap, Tx)

which implies

ardg(xon, ) + a2ldo(xon, Swan) + do(z, Tx)]+ asldg(x,Swa,) + do(z2n, T')]

do(z, Tx)[1+ do(xan, Swan)] " do(x, Sxopn)[1 + do(zp, Tx)]
1+ dg(xon, ) b 1+ dy(xon, )

+ a4

dg(xon, x)[1 + do(xan, Szon) + do(x, Sxay)]
tdy(z, Szan) € N s(a,T
1+ da(.??gn, .%') + 0(.7}, 2 ) < aESmnS(a ZU)

+ag
aldg(l'gm x) + a9 [d@(m‘gn, ngn) + d@(l’, Tx)] + as [dg(l’, ngn) + d@(l’gn, TJ,’)]

do(z, Tx)[1+ do(xan, STan)] ta do(x, Sxapn)[1 + do(zp, Tx)]
1+ dg(xgn, CC) 5 1+ dg(xgn, CC)

+ a4

dg(xon, x)[1 + do(zan, ST2n) + do(x, Sxay)]

tdg(x, Swon ,Tx),  Va € Sz,
1+ dp(wam, 7) + tdg(x, Sxay) € s(a,Tx) a € Sxa

+a6
Also xop+1 € Sxay,, therefore we have

aldg(l’Qn, .CU) + ag[dg(xgn, Sl‘zn) + d@(x, Tﬂ?)] + (Ig[dg( X, S:L‘gn) + d@(ﬂ?gn, Tx)]

do( z, T2)[1+dg(x2n, St20)] | do(2,520)[1 + do(zn, T2)]
1+ dy( xon,x) > 1+ dp(xon, )

+ aq
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do(xon, x)[1 + do(z2n, STon) + do( x, Sz2p)]

td " i1, T
1+ d@(aj‘Qn,x) + 9(‘%.7‘31'2 )GS((L'Q +1 x)

+ag

ardg(xon, ) + a2ldo(xon, STon) + do(z, Tx)]+ aslde(x,Sw2,) + do(z2n, T)]

dg(xz, Tx)[1+ dg(xan, Swan)] ta dg(x,Sxapn)[1 + dy(xy, Tx)]
1+ dg(xon, ) > 1+ dp(xon, x)

+ a4

d@(xgn, fL’)[l + dg(xgn, ngn) + de(x, S:L’Qn)]
1+ dp(x2n, x)

+ag + tdg(x, Sxay) € beL% s(dg(xon+1,b).

It implies that there exists some x, € Tz such that

ardg(xon, ) + a2ldo(xon, Swan) + do(x, Tx)]+ asldg(x,Swa,) + do(z2n, T)]

‘g do(z, Tx)[1+ do(xan, Swap)] ta do( x,Sx2,)[1 4+ do(zpn,TT)]
1 1+d9( xgn,x) b 1+d€($2n7x)
do(z2n, z)[1 + dg(w2n, STon) + dg(, Sw2,)]

td Sz, d 1> Tn
1+ dg(w2n, ) + tdp(x, Swan) € s(dg(w2n41,Tn)

+a6

do( Zont1,xn) = ardp(zon, ) + a2dg( z2pn, Sxon) + do(x, T)] + aslde( x, Sxapn) + do(x2n, Tx)]

ta do(xz,Tz)[1 + do(xan, Swan)] ta do( x,Sw2p)[1 + do(xp,Tx)]

4 1+ d@(mgn,x) > 1+d€( m?nvx)

dg(xgn, x)[l + d.g(a,’gm Sm’gn) + d.g( x, ngn)]
1+ dg(xon,x)

+ag + tdy(z, Sxay)

which further implies

do(x2n+1,n) = ardg(zon, ) + az[dg(x2n, Tant1) + do(z, zn)] + aslde( z, z2n41) + do(T2n, Tn)]

do( x,xn)[1 + do(z2n, Tont1)] ta do( @, xon41)[1 + do(n, zn)]
1+ d,g( :cgn,m) 5 1+ d@(l‘zn,x)

“+ay

do(zon, z)[1 + do(z2n, Tont1)+ do(x,Tont1 )]
1+ dg(xgn, JI)

+ag + tdp(x, xont1).

Now, we have

do (z,2n) 20 (z,22n41, Tn)[do (7, Tont+1) + do(T2n+1,Tn )]
= 0 (Tn, Tont1,xn) [do(z, xont1) + 0(x, Topi1,Tn)ardg(zon, )
+0(x, xon+1, Tn)a2|do(xon, Tont1) + do(z, x0)] + 0(x, Tont1, Tn)as|de(x, Tont1) + do(x2n, )]
do(z,2n)[1 + dp(T2n, T2n+1)] do(r, Tan+1)[1 + do(Tn, T4
1+ dg(xan, ) 1+ do(xon, )
d9($2n7 x)[l + d@(xZna l‘2n+l) + d@(x’ x?n-&-l)]
1+ dp(xon, )

+0(z, Ton41, Tn)aa +6(z, xon+1, Tn)as

+0(x, xon+1, Tn)as +0(x, xont1, xn)tde(z, Tony1)
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which implies

do(z,z) < |do(z, zopt1)|+ arlde(xon,x )| + a2(|do(z2n, Tant1) + do(z,z4)]]
do(x,xzn)[1 + do(z2n, Ton+1)]

d n d nyLn
+as[|do (2, wons1)| + |do(z2n, 7)) + a 1+ do(azm, )

+a5

do(z, Tont+1)[1 + do(xn, )] ’
1+ dy(xan, )
do(xon, x)[1 + dp(z2n, Tant+1) + do(x, Ton+1)]

—+a
6 1+ dg(xon, x)

4o, i)l
By letting n — oo, we get
do(x, zp) >0 whenn — oo

that is, ,, — z as n — oco. Since T'x is closed , we have z € Tz . Similarly, x € Sx. Hence, T and S
have a common fixed point. O

If S =T, we have the following corollary.

Corollary 2.1. Let (X,dy) be a complez-valued new extended b-metric space and X be a non-empty set, 0 :
X x X x X — [0,00) be a function and T : X x X — CB(X) be a multi-valued mapping with
g.1.b property such that for all x,y € X

ardg(z, y)+ azldg(xz, Tx)+ dy(y, Ty)] + asldg(y, Tx)+ do(x, Ty)]

+a4d9(y’ Ty)[1+ do(x, Tx)] +a5cie(y, Tx)[1+ do(z, Ty)]

1+ d@(x7 y) 1+ d@(x7 y)

dg(l‘, y)[1+ d9($7 T(L’)—}—dg(y, TJ")]

+a
0 1+ dg(ﬂ?,y)

+tdyg(y, Tx) € s(Tz, Ty) (2)

where a1, ag, as, a4, as, ag, t are non-negative real numbers such that a; + 2as + 2a36(xg, x1,x2) +
ag +ag < 1 and k(1 — ag — asf(xg,x1,22) — ags = a1 + ag + asb(xg,x1,x2) + ag where k € [0,00) is

such that for each zp € X, lim 60(x,, xni1, xm) < 1/k. Also lim 0(z,x,, Tx) and lim 0(x, z,,
7,1M—00 n—00 n—00

ZTn41) exist and are finite, then T has a unique fixed point.

3. A complex-valued new extended rectangular b-metric space

Here, we extend the concept of a complex-valued extended rectangular b- metric space to a com-
plex valued new extended rectangular b- metric space.
We first define a new extended rectangular b-metric space.

Definition 3.1. Let X be a non-empty set and 6 : X x X x X — [1,00) be a function. Then dy : X X

X —[0,00) is called a new extended rectangular b-metric if for all x,y,u,z € X, the following properties
hold:

(1) do(w,y) > 0 anddy(x, y) =0iff v =y;

(“) dg(-ﬁU, y) :de(yv l’),’

(Z”) d@((lf, Z)S Q(IE,y,Z) [dﬁ(xa y)+ d@(y,U)+d9(U72)].

The pair (X, dy) is called a new extended rectangular b-metric space.
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The complex-valued new extended rectangular b-metric space is defined as follows:

Definition 3.2. Let X be a non-empty set and 0 : X x X xX — [1, o). Then dp: X x X — Cis called
a complez-valued new extended rectangular b-metric of for all x,y,u,z € X, the following properties
hold:

(i) 0=dg(x, y) anddp(z, y) =01iff z =y

(i) do(z, y)=do( y, z);

(”Z) d@(.%', Z)j H(x,y,z)[dg(a:, y>+ d9(y7u)+d9(u7z)]'

The pair (X, dg) is called a complez-valued new extended rectangular b-metric space.

Definition 3.3. Let (X,d) be a complez-valued new extended rectangular b-metric space and 6 : X x X x
X — [1,00) be a given function. Let T : X — X be such that

dQ( T:U, Ty)jf(M( Z, y))vv T, Yy € Xv (3)

where f € F, M( x, y) = max {dg( z, y),do( z, Tx),dp(y, Ty)} and F is the set of all continuous
and non-decreasing functions f :[0,00) — [0,00) satisfying the following condition:

lim f7(t) = 0,¥¢ > 0.

n—oo

Theorem 3.1. Let (X,dp) be a complez-valued new extended rectangular b-metric space and 6 : X x X x
X —[1,00). Let T: X — X satisfy (3). Suppose that for each zo € X and for each t >0,

n+1
sup lim )

PRy Vs P ) <

where x, =T"(xg) for n € N. Also, assume that for X,

nlLIroloﬂ(x,xn,xn+1) and nlLIglO@( x, Ty, Tr)

exist and are finite. Then T has a unique fized point, say z € X. Also, T"y — z for each y € X.

Proof. Consider x,, = T"(x¢) for each g € X.
If for n € N, z, ==z,41 =Tz, then z, is a fixed point of T. Otherwise, assume that x, # x,i1.
From , one writes

d@( Tn, xn-i—l) = d@( Txp_1, T-Tn) = fM(xn—lv SCn),

where
M(xn—la xn) - max {dG( Tn—1, $n),d9( Tn—1, Txn—l)de(:Z;nv Txn)}
maz {dg( Tn—1, xn),do( Tn-1, Tpn),do( Tn, Tni1)}

= max {dﬁ( Tn—1, xn)ydﬁ( Tn, xn+1)}~

If for some n € N,

M( zp_1, zn) = max {do( n-1, Tn),ds( Tn, Tnt1)} =do( Tn, Tnt1)

then

0 < d@( T,y xn-i—l) = fM(xnv xn—i—l)'< d@( Ln, In—&—l)
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that is,

d@(l’n, xn—&—l) < d@(xrw xn—i—l)

which is a contradiction. Thus, for all n > 1,

M(zp—1, zn) = mazx {do( Tn—1, xn),do( Tn, Tnt1)} =do( Tp_1, xn)

and we have for alln > 1,

0= d@( Tn, xn—i—l) j fM(‘Tn—la xn) < d@( Tn—1, xn)

Continuing in this way we have for all n > 0,

0< dg( Ty, In+1) < fndg(xo, 951)
Therefore, there exists [ > 0 such that

nh_}n;odg(xn, Tny1) = 1.

Letting n — oo in (4]), we have
L= ()
which holds unless [ = 0. Thus,

nler;Odg(xn, ZTpy1) = 0.

For m > n we have

do(Tn, Tm) =X 0(@n, Tnt1, Tm)lde(Tn, Tnt1) +do(Tnt1, Tnt2) +do(Tny2, Tm)]
= 0(@ny Tt 1, Tm)do (T, Tnt1) + 0( T,y Tt Tin) [dg(Tnt1, Tnt2) + do(Tnt2, T
= 0(zn, Tpt1, Tm)de(Tn, Tny1) +0(Tn, Toyt, Tm)O(Tni1, Tnt2, Tm)de(Tnt1, Tni2)
Foo+0 (Tn, Tnt1, Tm)0 (Tnt1, Tnt2y, Tm).d (Tm—2, Tm—1, Tm)do(Tm—1, Tm)
< 0 (Tp, Tosls Tm)fde(zo, 1)+ 0 (Tn, Tnets Tm)0 (Tng1, Tnao, Tm)f"dg(zo, 1)
+oi 40 (0, Togt, Tm)0 (Tnsts Tneos Tm)eb (Tm—2, Tme1, Tm)f™ tdo(zo, 1)
= 0 (x1, m2, )0 (x2, x3, Tp).r0 (Tpy Tuy1, Tm)f"do(zo, 1)

+9($1, X2, va)e (%2, xs3, xm)e (-’Ena $n+17 xm)9($n+la :L‘n+27 xm)fn+1d9($07 ./,Ul)

o+ 021, T2 )0 (T2, T3, Tn)el (Tm—2, Tm—1, Tm) ™ tdo(w0, 1)

Let

Sn =Y f(dg(zo, 1) E_ 0(2i, Tig1, Tm)-
=1

Thus for m > n, we have

do(zp, Tm) = [Sm-1 — Snl
Equivalently,

|do(zn, Tm)| < [Sm—1 — Skl
Consider the series

an(de( wo, 1)) IG10(xi, Tiv1, Tm).

n=1
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Take w, =Y .o f"(dg(zo, x1))I[_,60(xi, Tiy1, Tm). We have

Un+1 [ (dg(zo, 1))
= O(xni1, Tnao, Tm).
) Fi(do(eo, @) | \Fnh Tn2s )
Since f”“(t)
sup lim 0 O0(Tnt1, Tni2, Tm) < 1

m> 171—)00 f?‘L

for each m € N, the series
o
> M (do (w0 )Ly 0(wi, i1, 2im)
n=1

converges by ratio test. When n — oo , S, — 0 or equivalently,

|do( Tpny Tm) — O (7)
which shows that {z,} is a Cauchy sequence in X. By completeness of X, there exists some z € X such that
nh_{r;oxn = z. (8)

Now, to show that z is a fixed point of T, consider

do(z, Tz) = 0(z,xnt1, T2)[dg( z,2p+1) + do( Tnt1, Tny2) +do( Tnt2,Tz)]
0(z,Tnt1, Tx)[dg(z,Tns1) + do( Tnt1, Tni2) +do(Txpy1,T2)]
0(z,xpni1,Tx)[do(2, Tp+1)+do( Tnt1, Tns2)+ [ mazx[dg(rpi, 2),
do(zn+1, Txnt1), do(2,T2)]].
Using @, and when n — oo,

LA TA

do(z,Tz) < 0.
Hence, Tz = z. To prove uniqueness, let z and z* be two fixed points of T.
Now,
do( z, 2%) = dp( Tz, Tz")
= fM(z, 2%
= flmax [dg(z, z%),dg( z, Tz), dg(z*, T=z")]]
= fdy(z, 2%)
< dy(z ,2%)
which is a contradiction. Thus, 7" has a unique fixed point. O

We have the following corollary.

Corollary 3.1. Let (X,dg) be a complez-valued extended rectangular b-metric space and 6 : X x X —
[1,00). Let T: X — X satisfy

d@( xz, y) :k[max {Clg( xz, y)adG( xz, T.’B), d@(y7Ty)}]
Suppose that for each o € X and for each t > 0,

sup lim (zp, xm) < 1/k

m> 171*)00

where x, = T"(xo) forn € N. Also, assume that for X,
Jim 0(z, 2,)

exists and is finite. Then T has a unique fized point, say z € X. Also T"y — z for each y € X.
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4. A complex-valued new extended fuzzy rectangular b-metric space

In this section, we extended the complex valued extended fuzzy rectangular b-metric space to a com-
plex valued new extended fuzzy rectangular b-metric space. Here, we present some of the basic notions
which are helpful in defining and proving our results. We set P = {(a, ) : 0 < a < 00,0 <b<

oo} € C. The elements (0,0) ,(1,1) € P are denoted by ¢ and [ respectively.
Define a partial ordering on C by ¢; < ¢ if and only if co —c; € P.

c1 < cg means Re(c1) < Re(ep) and Im(c1) < Im(co).

We define the closed unit complex interval.

I ={(a, b): 0 <a < 1, 0<b < 1}
and open unit complex interval
In={(a, b): 0<a < 1, 0<b < 1}

and
Py={(a, ):0< a < 00,0< b < oo},

Definition 4.1. [17] A binary operation * : I x I — I is called a complex valued triangular norm (t-
norm) if it satisfies the following conditions:

(1) c1 % ca=cy *xc1,

(1i) c1 % cg = c3*cq, whenever ¢; = c3 and ca = ¢y

(1i1) (c1 *c2) * c3 = c1% (ca* c3),

(w)cx 8 =0 andcx | =c

for all ¢, c1, co, c3, c4 € 1.

Example 4.1. [I7] The following are three basic complex valued t-norms:

(i) The minimum t-norm , Ths(ci,c2,) = (min{a1, ag}, min{by, ba}).

(13) The product t-norm , Tp(c1,c2) = (araz,bibs).

(791) The Lukasiewicz t-norm , Tr(ci, c2) = (max {a1+ a2— 1, 0}, max {bi+ ba— 1,0}), where ¢; =
(al, bl), CQZ(()l, 52)6 I.

Definition 4.2. [17] Let X be a nonempty set, x be a continuous complez-valued t-norm and M
be a complex fuzzy set on X x X x Py if for all z, y, z€ X and ¢, ¢ € Py, we have:

(1bM): ¢ < M(z, y, c);

(2bM): M(x, y, ¢) =1, for every c€ Py x =vy;

(3bM): M (z, y, ¢) = M(y, z, c);

(4bM): M (z, y, ¢)*x My(y, z, )= M(z, z, c+);
( )

(50M): M(x, vy, -): Py — I is left-continuous.

Then the quadruple (X, M, *) is a complex-valued fuzzy metric space and My is a complex valued fuzzy
metric on X.

Definition 4.3. [18] Let X be a nonempty set , s > 1 and x be a continuous complez-valued t-norm and M
be a complex fuzzy set on X x X X Py if for all z, y, z € X and ¢, € Py, we have:

(1bM): ¢ < M(x, y, c);

(2bM): M(z, y, ¢) = 1, for everyce Py x =vy;
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(‘?bM) M(.T}, Y, C) :M(ya x, C);.
(456M): M(z, y, c)x M(y, z, ) 2 M(z, z s(c+d));
(50M): M(x, y,-): Pp — I is left continuous.

Then the quadruple (X, M,*,s) is a complez-valued fuzzy b-metric space and M is a complex valued fuzzy
b-metric on X.

Now, the notion of a complex-valued new extended fuzzy rectangular b-metric space and some basic
terminologies will be presented.

Definition 4.4. Let X be a nonempty set , 0 be a function defined as 0 : X x X x X — [1,00), %
be a continuous complez-valued t-norm and My be a compler new extended fuzzy rectangular set on X X
X x Pyiffor all z, y, z€ X andc, ¢ € Pp, we have:

(_Zng) ¢ = Ma(xa Y, C);

(20My): My(z, y, c) =1, for every c€ Py & v =y;

(8bMp): My(x, y, ¢) = Mp(y, x, c);

(4bMy): My(x, y, c)* My(y,u,c)x My(u,z, ") 2 My(x,z,0(x, y, 2)(c+ +"));
(50My): My(z,y,-): Py — I is left continuous .

Then the quadruple (X, Mg, *,0) is a complez-valued new extended fuzzy rectangular b-metric space and
My is a complex-valued new extended fuzzy rectangular b-metric on X.

Remark 4.1. (1): If 0(x,y,z) = 0(x, y), then a complex-valued new extended fuzzy rectangular b-metric

space becomes a complex-valued extended fuzzy rectangular b-metric space.

(2): If O(x, y), =s then acomplez-valued extended fuzzy rectangular b-metric space reduces to a complex-
valued fuzzy rectangular b-metric space.

(3): If s =1, then a complez-valued fuzzy rectangular b-metric space reduces to a complex-valued fuzzy rectangular

Example 4.2. Let (X, dg,0) be a new extended b-metric space. Consider Mg, : X x X x Py — I

such that
a. b

Mg, (x c) = ——F7F—I,
dg( » Y, ) ab—i-dg(l‘, y)

where ¢ = (a,b) € Py and * is a min t-norm. Then (X, Mg,,*,0) is a complex valued new extended fuzzy

rectangular b-metric space. Mg, is known as a standard complez-valued new extended fuzzy rectangular

b-metric .

Remark 4.2. Every complez-valued new extended fuzzy rectangular b-metric may not be induced by a new
ertended b-metric space .

Example 4.3. Let X = (4+3,00) and let Mg, : X x X x Py — I be defined by

14y .
O A A

where ¢ = (a, b) € Py and x is a mazimum complex valued t-norm, then (X, My,,*,0) is a complez-
valued new extended fuzzy rectangular b-metric space.
It can be easily seen that there is not a new extended b-metric d on X inducing the given complex valued
new extended fuzzy rectangular b-metric space .
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Definition 4.5. Given a function 6 : X x X xX — [1,00). A function f:R — R is known as —nondecreasing
iof for any t < u we have

f@) < [0z, y, 2)u).

Lemma 4.1. Let (X, Mg,,*,0) be a complex valued new extended fuzzy rectangular b-metric space.
For all z, y € X and c¢1,c2 € C, the mapping My(x,y,-) : [0,00) — [0,1] is O—non-decreasing. That is,
Zf 1T = C2 ) then M0<$, Y, Cl) jM@(x7 Y, 9(37,(13,y>62)-

Proof. For ¢ < ¢z, where c1, ca € Py, and co — c¢1 € Py, we have

2 —C1
2

C2 — (1

Mg(l‘, Y, Cl):l*MG(xa y,Cl)*l:Mg(l', z, 9

)*Mg(l’, Y, Cl)*Mﬂ(ya Y,

)jMG(x7 y79(1"7 xz, y)CQ)
that is,
Me(xv y,Cl)jMQ(ZE, y79($7 xay)CQ)'
O
Definition 4.6. Let (X, My, *,0) be a complez-valued new extended fuzzy rectangular b-metric space.
(1) A sequence {x,} in X converges to x € X if for every r € Iy and every c € Py, there exists ng € N

such that for all n > ng,
l—1r < My(xn, z, c).
Equivalently,

lim z,, = x.
n—oo

(2) A sequence {x,} in X is said to be a Cauchy sequence if for every c € Py,

lim inf My(xp, Tm,c) = 1.
n—oon>m

(8) (X, My, *,0) is said to be a complete complex-valued new extended fuzzy rectangular b-metric space if for
every Cauchy sequence x, in (X, My, *,0), there exists v € X such that

lim z,, = x.
n—oo

(4) An open ball with centre at x € X, radius r € I, and c € Py is defined as

Bz, r, ¢)={ye X:l — r<My(z, y, )}
(5) Let (X, My, *,0) be a complez-valued new extended fuzzy rectangular b-metric space and T be defined as :
Tr={ACX:2x€ Aiff 3relyandcec Py such that B(z,r,c) C A}.
Then 7 is a topology on X.
We prove the Banach contraction theorem in complex-valued new extended fuzzy rectangular b-metric spaces.
Theorem 4.1. (Banach contraction theorem): Let (X, My, x,0) be a complete complez-valued new ez-

tended fuzzy rectangular b-metric space such that for every sequence {cn} € Py with li_)rn cn, = 00 we have
n oo

lim inf My(z, y, ¢,) = IV xz€ X.
n—ooyeX
Let T : X — X be a mapping satisfying

ke

MG(T% Ty, m

) = My(z, y,c), Va, y €X (9)

where ¢ € Py and 0 <k < 1, then there is a unique fixed point of T'
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Proof. Let xg € X be an arbitrary element. Let x, bein X so that
zp =Tzp—1,(n € N).

If xt, =x,-1, then z, is a fixed point of T.
Let x, # xp_q1for alln € N.
Now, we will prove that {z,} is a Cauchy sequence in X. Define

B, = {My(zn, Tm,c):m > n}

forall n€ N and ce Py .
Since
0 < Mp(xn, Tm, c) < L

and inf B,, = (3, exists for all n € N, we have

g(xn7 m’na xm)c

k

My(zn, Tm, ¢) X Mp(zpn, Tm, ) = My(Txp, Tam, ¢) =X Mo(Tpt1, Tmi1,C). (10)

Thus, from
0 =2 B 2 B 21,

it follows that {f,} is a monotonic sequence in P. Therefore, we have an [y € P satisfying

n—oo
Now,
O(x y LTn, T C
Me(xn+17 xm—H’C) = MQ(‘TTL) Tm, ( . ]: m) )
0
= My(Txn—1, T:cm_hW)
0 O(x. B -
t Me(l‘nf]_, xmil’ (xnl‘n,l‘m) ('1"221,1‘” 1’Qjm 1)0)
0 Oz ~ -
= ]\JQ(CT’wn—Q,CT.Z'WL_Q7 (l'nﬂjn,fl;‘m) (1221,1'71 1, Tm 1)0)
= M9(5En2,fUm2,e(xnx”’xm)(g(x”—l’xn—lalfgm—l)@(xn—mxn—2,xm—z)c)
n,m
1 e(xial'ivl‘j)c
1/7]:1
i MO(I’O, Tm—n, kn+1 )
Thus,
5n+1 = inf M9($n+1, Tm+1, C)
m >n
n,m
: H e(xivxivxj)c
> inf Mp( i, j =1 )
- nlzgn o\L0, Tm—n, Jen+1
n,m
. H 9(1’2"1‘1'71']')6
>— y J =1

inf M, . .
yng H(an Y, En+1 )
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n,m
T O(zg,@4,xj)c
i,j=1

Since lim = 00, we obtain

n—o0o kntd
n,m
'H19($1,$i,$j)c
. i,5=
lo = lim inf My(x =1
0 = nSooyeX 9( 0,Y, fn+l )

which implies that Ip = I.
Thus, {z,} is a Cauchy sequence in X. Since X is a complete complex valued new extended fuzzy rect-
angular b-metric space, there exists a point x € X such that for all c € Py,

lim My(xy,z,c) = 1.

n—oo

Next, we will show that xis a fixed point of T. Now by using (4bMjy), one writes

30(z, x,:_l, T:U))*Me(mnﬂ’ mn+2’39(x, $7:_1, Tx))
c

30(x, xpt1, Tx)

30(z, x:+1, T:L‘))*Me(Txn’ Txn+1’39(a:,xni1, Ta:))

#Mo(Tni1, T, 5 x:ﬂ) L

= My(z, Tpi1,c¢/3k)* My(xp, Tni1,c/3k) * Mo(xpt1,x, c/3k).

My(xz, Tx,c) = My(x, Tpy1,

*Mp(xp 2, T,

= M@(.I', Tn+1,

When n — oo, we have
My(x,Tx,c) = Ixlxl=1
= Tx=nux.

Uniqueness: Let z and z*be two fixed points of the mapping T. So Tx = =z and Tx* = z*, that
is, Mp(Tx, =, ¢)=1and My(Tz*,z*, ¢) =1. Now,

My(z, x*, ¢) = My(Tz, Tx*, c)
*
= My, P00
which is a contradiction. Hence, x = z*. O

Now, we give an example to make ou result meaningful.

Example 4.4. Let X = [0,1] and consider Mg : X x X x Py — I such that

a. b
9('7:7 y,C) CLb—l—(l‘ _y)2 )
where ¢ = (a, b) € Py then (X, Mg, x,0) is a complete complez-valued new extended fuzzy rectangular

b-metric space with 0 =2 and for any sequence {c,} in P, with lim ¢, = co, we have
n—oo

Jirgo?jgng(x,y,cn) =lVzre X

We define a mapping T : X — X as

Tx = azr?

where a € (0, %) It is easy to see that

k
MG(T‘T7 Ty??c) = M@(CL’, y,C), v T, Y€ X (11)
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where c € Py and k = 4o € (0,1). Hence, all the conditions of above theorem are satisfied and 0is the unique
fized point of T.

Next, we establish a common fixed point theorem in the setting of a complex-valued new extended
fuzzy rectangular b-metric space.

Theorem 4.2. Let (X, My, x,0) be a complete complex-valued new extended fuzzy rectangular b-metric
space such that for every sequence {c,} € Py with li_>m ¢n, = 00 we have
n oo

n—oo

lim inf My(z,y, ¢n) = I,V z€ X
yeX

T h: X — X be two self mappings satisfying the following conditions:

TX ChX,
T and h commute on X,

h is continuous on X,
Mg(T:r,Ty,%) = (My(hx,hy,c) for all z, y € X and c € Py, where & € (0,1).

W=

Then T and A have a unique common fixed point in X.

Proof. Let xyp € X be an arbitrary point and asequence {x,} is defined. Since TX C hX, there exists 1 €
X such that
Y1 = hl’l = Txo.

Similarly, there exists o € X such that
y2 = hwgy=Tx
and hxs = Txo.

In general for all n € N,
Yn = hxy =Txp_1.

Also assume that y, # yp+1. Otherwise, T and h have a a coincidence point.
Now, we will show that {y,} is a Cauchy sequence.
For all n€ Nand ce€ P, we define

BTL = {Me(yn,ymvc) tm > n}
for all n€ Nand ce Py .

Since

¢ < Mp(yn; ym, ) <1,
and inf B,, = 3, exists for all n € N, we have
My(yn,ym,c) = Mpg(hxy, hzpy, )
9(ymymym)c)

= MO(h$n, hap,, L
= M@(Tl’n, Ty, C)
j M@(h$n+1, h$m+]_, C) = M@ (yn+17 Ym+1, C)'

Recall that
0 = Bn = Py 2L

It follows that {8,} is a monotonic sequence in P. Therefore, we have [y € P satisfying
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lim B8, = .
n—oo
Now,
Mﬁ(yn+1uym+1vc) = M@(h$n+1,h$m+1,6)
= My(Txp, Tz, c)
0(Yn, Yn, c
0
- Mg(hl’n,hl'ma(ymy]:’ym)c)
O(Yn, Yn, c
_ MO(T%_MT%_MW)
0 0(yy,— _ _
= My(Yn-1, Ym-1, (¥n, W, ) (]f; Lonl Ym 1)6)
0 0(y,,— _ _
_ Mg(hxn,hhxm,l,c) (ymym ym) (Z]/{g 1y Yn—1,Ym I)C
0 0(yy,— _ _
— Mp(Tn s, T, (Yns Yns Ym) (yz;, Yn—1, Ym 1)6)
= My(yn_s, ym%@(yn, Yns Ym)O(Yn—1, yn—l}€3ym—1>9(yn—2v Yn—2, ym—2)c)
n,m
Z,]Hzlﬁ(y@-,yi,yj)c
= Me(y()vym—na : En+1 )
n,m
z£10<y17y17yj)c
= Mg(hﬂfo,hxm—na’ knJrl )
Thus,
Bn+1 = inf M@(h$n+1,h$m+1,0)
m>n
n,m
z]]lle(y“y“y])c
= WILI;f;ZMG(h'IOa hxmfna g+l )
n,m
) 17]1119(y1)y25y])c
= ylg)f(Me(hl'O?ya -+l )
) . ;;lfﬂ(yi,ymyj)c . , _
Since nlggoT = oo and by using equation (3), we obtain,
n,m
”1119(%73/27%)0
> i i Y =
lo = lim ;g)f(Me(ymy, eS| ) =1

which implies that lp = (. Thus {y,} = {hz,} is a Cauchy sequence in X.
Since X is acomplete complex valued new extended fuzzy rectangular b-metric space, there exists a point z €
X such that for all c € Py,

lim hxz, = x.
n—o0

The continuity of A implies the continuity of T, and so

lim Thx, =T.

n—o0
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Since T and h commute on X, we have
lim hTx, = Tx.

n—o0

Also, we know that

lim Txp_1=x
n—o0o

so this implies
lim hTx,_1 = hz.

n—oo
Due to the uniqueness of the limit, we have T'x = hx. Thus, hTx =TTzx.
By condition (4), we have

O(hx,hx, hTx)c

My(Tx, TTx, ¢) = My(hz,hTx, k )
T
_ M,(Tx, TTx, G(hx,hi,h x)c)
=
" T
= My(Tw, TTz,” Uw’iﬁ’h x)c)
0" (hx, hx, hT
= My(Tz, hTx, (ha, k:i’ $)C)
= inf My(Ta,y, 6 (hx,h:z:,hT:z:)c).
yeX kn

As n — oo, we have
My(Tz, TTx,c) =1
= TTx=hTz =Tx.
That is, Tx is a common fixed point of h and T.

Uniqueness: Let Tx and x*be two common fixed points of the mappings T and h, so using the con-
dition (4) withz = Tx and y = a* we have

I = My(Tz, x*,c)

= My(TTxz, Tz*, c)
0(z, z,y)c

= M@(thahx*a L )
= My(Tx, o, N0 0
k
o
i M@(T«T,x*7W)
. 0" (xz,x, y)c
- _).
= ylenf)‘(Me(T-’B, Y, kn )
Now,

hIIl 9 (fL‘, :’C’ y)c — OO,
n—oo kn

and we have

My(Tzx, x*,c)=1.

Thus, Tx = z*. It completes the proof. O



I. Shereen, Q. Kiran, H. Aydi, Adv. Theory Nonlinear Anal. Appl. 7 (2023), 107-129. 127

5. Applications to the existence of solutions of integral equations

In this section, we study the existence of a solution of the following integral equation by using
our main results.

Theorem 5.1. The given integral equation has one and only one solution in C([0, 1],R ) if the follow-
ing four conditions are satisfied.

1
x(t) = v(t) + ﬁ/{) ¥(c,0)f(0,2(0))do.Ve € [0,1] (12)

1. v:[0,1] = R is continuous ,
2. f:]0,1] x R — R is continuous, f(c,z) >0 and thereis & € [0,1) suc that

[fle,x) = fley) < ko -yl

for all z, y €R,

3. ¢ :[0,1] x [0,1] — R is continuous at ¢ € [0,1], for all # € [0,1] and measurable at 6§ € [0,1]
for all ¢ € [0,1]. Also 9(c,0) > 0 and [, ¢(c,0) < L,
4. K2L23% < 1/2.

Proof. Let X = C([0,1 ],R) and define a mapping 7' : X — X by

1
Ta(t) :v(t)+5/0 W(e, 0) (0, 2(0))d6, ¢ € [0,1].
Define a mapping M : X? x Py — I by
(@) ~y(®)?,

M( z, y,c)=1— sup -

te [0,1] et

where ¢ = (a,b) € P,. Clearly, X is a complete complex valued new extended fuzzy rectangular b-
metric space. Moreover, for all z,y € X and ¢ € [0,1] we have

1
Tx(t) — Ty(t)| = ﬂ\/o Ple, 0)f( 0, x(0))d0 —(c,0)f( 0,y(0))do|

1
< B / G(e,0f( 6, 5(8)) — F( 0, y(0))[do

1
< 3 / (e, 0)K[(0)) — y(6))|do
< BLksup |z(t) — (b
te(0,1]
From
sup [Tz(t) — Ty(t)| < ALk sup |z(t) — y(b)|
te 0,1] te [0,1]

it follows that
. 2 . 2
Talt) ~TyOF _ gy g o) — ()
e e
te [0,1]

o Ly 20 = vOP

24e00,1] e?

sup
te [0,1]

Thus, the integral equation has a unique solution in X = C([0,1],R). O
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Next, we give an example of anintegral equation and establish the existence of its solutions by using above
theorem .

Example 5.1. Consider the following integral equation

1 Vg2 |cosz(8)
) = — +2 . do.
) = 3t /0 212 5
Here,
B=20(t) = — (e ) = o flt, w) = 0]
v 14T 2242 T Bet

Clearly, f is continuous on [0, 1] x R and

1
7 21t D) = ey lleose] — [eosyl
< 57\0033: — cosy|
1
< 5—\00830 — cosy|
< oo -y
I PO
s 3 Y

for all z,y € R. fsatisfies the condition (2) of the above theorem with k = 1/5. Also, v is continuous.

We have . . )
1 1 1
/¢<c,9)d9:/ " g L 1 1
0 o t2+2 242376

EL26% < 1/2.

IN

Moreover,

Since all the conditions of above theorem are fulfilled, the given integral equation has a unique solution in
X = C(Jo, 1],R).
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