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Abstract

In this research, by entering an a—6-Geraghty contraction, the existence of a positive solution for a boundary
value problem with Caputo-Hadamard derivative including an integral boundary condition is studied. These
new results improve and generalize the results stated in the literature. Some examples support and clarify
our findings.
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1. Introduction

Regarding the extensive applications of fractional differential equations in the modeling of many physical,
chemical, medical, and engineering phenomena, this type of differential equation has attracted the attention
of most scientists and mathematicians in the last few decades [3-5, 16, 21, 28-30]. Boundary and initial value
problems, including fractional differential equations, have also attracted the attention of mathematicians as
a result of these modelings and considerable progress has been made in studieng the existence of solutions
for these types of problems [12, 14, 15, 17, 18, 32-35]. Along with examining the applications of fractional
differential equations, some extensions like Hdamard derivative for fractional operators were also presented
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[24-26, 36, 37]. However, few studies have been conducted on investigating positive solutions to boundary
value problems including Hadamard-type fractional differential equations.

In [23] some authors by applying some fixed point theorems studied the positive solutions of the following
boundary value problem

DY(Dy(x) — bz, ye)) = 9(x,y:), € [L,a], a > 1,
y(x) =v(x), ze[l-pl]
Diy(1) = p R,

where Df and D{ are the Caputo-Hadamard fractional derivatives and 0 < o, 8 < 1.

In [13] Ardjouni and coauthors by using an upper and lower solution method and applying the Schauder
and Banach fixed point theorems investigated the existence and uniqueness of positive solutions for the
fractional integral boundary value problem

D‘fu(T) = h(r,u(7)), 1<7<e,

u(l) = ,u/le u(o)do + ¢,

where D{ is the Caputo-Hadamard fractional derivative of order 0 < § < 1, u > 0,¢ > 0,h € C([1,¢€] x
[0, 00), [0, 00)).
Lachouri and et al. in [20] investigated the mild solutions for the boundary value problem

CHDEy(t) — g(t,y(t), te[l,7],
y(1) +y(r) = A / y() 2,

x

where DY is the Caputo-Hadamard fractional derivative of order 0 < p < 1,A € R with the specific
properties. They applied the Schaefer’s and Banach fixed point theorems to reach their purpose.
Motivated by the above works in this research the fractional integral boundary value problem

CHDEy(T) + h(T,v(1)) =0, T€le], 2<pu<3, 1)
V(1) =0"(1) =0, w(e)=n [ v(r)E,

where 0 < n < 1, ““ D# is the Caputo-hadamard fractional derivative of order u and h : [1,¢e] x [0,00) —
[0,00) is a function.
2. Priliminarires

Here we recall some definitions, lemmas and theorems that will be used in this paper. One can find more
details in [19, 29].

Definition 2.1. ([19]). Let f : [1,+00) — R be a continuous function and o > 0, the Hadamard fractional

integral of order ¢ is defined as
1 t £\ ! ds
HNQ
th:/<10 ) f(s)—.
1 ( ) F(Q) L g S ( ) s

Definition 2.2. ([19]). Let f : [1,+00) — R be a continuous function and ¢ > 0, the Caputo-Hadamard
fractional derivative of order ¢ is defined as

ot g f o) () 1



Hojjat Afshar et. al., Adv. Theory Nonlinear Anal. Appl. 7 (2023), 155-164. 157

Lemma 2.3. ([19]) Let n —1 < p<n,n € N and f € C"([1,T]). Then
n—1 g 1 '
FIERDN(F(D) = 1)~ 3 =D tog(ey
Consider d : X x X — R™ given by
dv,w)=v-wly,= Sup [v(s) —w(s)l, (2)
where X = C(Z,R), and (X, d) is complete metric space.

3. Green Function and Bounds

Lemma 3.1. The unique solutions of fractional boundary value problem

CHDT’U(T) + :0(7-) =0, T€ [17 6],

V(1) =2"(1) =0, wv(e)= nflev(T)Ci_—T, (3)
s given by
e dg
ut) = | G(T,9)p(s)—,
1 S
where (1-log o)~ (u—n+nlogc)—(1—n)u(l log¢)#~1
—logs p—n+nlogs)—(1—n)u(log T—logs 1<¢<rt<e,
T i RS @
(=Tt 1) =T=e=c
Proof. By integrating of order p from the equation of relation (3) we get
1 ¢ 1 ds 9
(1) =——=— [ (log7 —log¢)" "p(s)— + c1 + c2log T + c3(log 7)°, (5)
L(p) Sy S
and by differentiating above relation we have
1 C(p—1 c 2c
V'(t) = — / ( )(logT —log <) 2p(s) + 24 D ogr (6)
T(w) )i T T T
From the first boundary condition we have v/(0) = ¢o = 0, and differentiating again implies
1 / ¢ [ (n—1) _
V(1) = ——— — log T — log ¢)* 2
™) L(w) Ji 72 ( )
—1)(n—2 _ ds  2c
+W(logf — log )" 3} o)+ 723(1 —log 7).

So by the second boundary condition we get v'(1) = 2¢3 = 0 or ¢3 = 0. On the other hand from the third
boundary condition we get

1 ¢ _ ds ¢ dg
) = g5 | (loe—1og ) o) T +er = [ (9T 7
So
1 ¢ _ ds ¢ ds
c1 = F(u)/l (loge —log<)* 1p(<)g+77/1 v(e) = (8)
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by replacing relation (8) in the relation (5) we have

o) = ~pps | Oorr —logg)p() (9
| (o —1og c)ﬂ—lp(@@ [0 (10)
Now by integrating of the relation (10) we have
/leu(f):ff / / (log 7 — log <)~ ()d;d:
+F(u)/1 /1(logT—logg)o‘_lp(g)dsdT—i—nloge/le (g)ds. (11)
So
(1—=mn) /lev(<)d§ = M(rl( )/e(logf—logC)“p(Qf
F(lm/e(loge—logC)“ 1p(<)d§,
/1ev(<)d§ = —M/j(logf—bgc)*‘p(df
= +F(u)(11—n) /j(loge—logd“lp(%“)(f,
Consequently
u(t) = —F(lm/le(logf—logc)“lp(@f
r(lu) /le(bge —log <)“‘lp(<)d§
—m /1 e(loge—logc)“p(g)dgg
= +m /j(loge—logC)“‘lp(Of

ds
S

1
-l

—/g

Lemma 3.2. Let G(7,5) is defined by the relation (4) and 0 < n < 1. Then the following conditions are
hold.

. g(T,§) >0 foralll<,¢,7<e;

<M+1) /6( 7710g€+10g§)(10g7—10g§)ﬂ 1dp( )

O

. G(7,5) is a continuous in [1,e] X [1,€];

1
2
3. Gle,s) <G(r,¢) < ﬁg(e ) forall1 <,¢,7 <e;
4

- max, c,1G(7,¢)} < = nl) T(p)
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Proof. 1. For ¢ < 7, we have

(1 —logs)"*(p—n+nlogs) — (1 —n)u(log T — logg)»!
Glne) = = )G+ 1)
(1 —log)*M(jn—n +nlogc) — (1 —n)u(1 —log)*~"
- (1=nT(u+1)
(1 —logs)* In(p+logs —1) _
(I=nT(p+1) o

For 7 <, it is clear that

_ (1=log o)~ (pn —n +nlog)
R LS R

2. It is concluded directly from the definition of the function G.
3. For s < 7, we have

G(r,s) (1 —log)**(u—n+mnlogs)— (1 —n)u(l —logs) 1

Gle,s) n(logs + p—1)(1 —logg)#—1

:17
and for 0 <7 <¢ < e, we get

logg — 1+ £
< 8 néG(T,c)S po
loge—1+p = Gle,s) ~ m(p—1)

4. For 1,5 € [1,e], we conclude that

(1 —logs)*(u—n+nlogs) 1
G = T e+ 1) 0= W)

Let © contains all § : R* — R (¢ is increasing) with Y125 6" (w) < 00, w > 0.

Definition 3.3. [1, 2/ A function g : X — X ((X,d) is complete) is said to be an a-0 contraction if there
exists a1 X x X — RT with

a(u,w)G(d(gy, gw)) < Q(d(u,w)), rweX, 0e€0.

Definition 3.4. [10] Let g: X — X and a: X x X — R™ be given. Then g is called a-admissible if for
v,we X,
a(v,w) > 1= a(gr,gw) > 1.

Theorem 3.5. [10] Let (X,d) be a complete metric space and ¢ : X — X be a a — 0 contraction such that
(1) ¢ is a-admissible;

(17) 3 wo € X with a(wg, pwp) > 1;

(131) {wn} C X, wy, = u in X and a(wy, wpt1) > 1 then a(wy, w) > 1.

Then ¢ has a fized point.
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4. Existence Results

Theorem 4.1. Suppose
There exist p: R? = R and 6 € © with the following property:

(i) |h(r,8(w) = h(r,w(w))| < CETE0(B(w) — m(w)).
forw el and 8,m e X;
(i1) there exists By € C(Z) such that

)),/Ie G(r, n)h(n, BO(T))dn) >0 TeTl;
(iii) If p(B(7),m (7)) > 0, then

o[ crhin8on)dy, [ Grnhla.m(r))dn) =0

(v) if {B,} CC(I), B, = B in C(Z), and p(B,Bp+1) > 0, then p(B,,8) >0
Then Problem (1) has at least one solution.

Proof. From Lemma 3.1, 8 € C(Z) is a solution of (1) if and only if is a solution of
= /18 G(7,w)h(w,B(w))ds.
Thus we find the fixed point of the operator F : C(Z) — C(Z) defined by
- /16 G(T,w)h(w, B(w))dw.
Let 8,7 € C(Z) with p(B(7),n(7)) > 0. By (i), we obtain
’FB(T) — Fﬂ'(T)‘ = ‘ /18 G(1,w)h(w, B(w))dw — /16 G(T,w)h(w,ﬁ(w))dw‘

_ ‘/;G(T,w)(h(w,ﬁ(w)) _ h(w,ﬂ(w)))dw‘

<[/ €G<T,w>]h(w,ﬁ<w>) (o) ]

: {/f

- 1 / 08 w))dw
o)

< O([B(w) —
So, we have ||[(FB — Fm)|| < 0(||B(w) — m(w)]|oc)- Let a: C(Z) x C(Z) — RT be defined by

aB,7) = { 1 p(B(r),x(r)) >0, T€T,

0 otherwise.

A

We have;
a(B, m)d(F B, Fm) < a(B,7)0(d(B,7)).
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Then F is an a-f-contractive. From (iii) and the definition of a we get

a(B,m) > 1= p(B(r),7(r)) >0

p(F8),F(m)) =
a(F(B),F(m) >
for 8,7 € C(Z). Thus, F is a-admissible. By (ii) 3 8y € C(Z) with a(8y, F 89) > 1. From (iv) and Theorem
4.1, there is 8* € C'(Z) with 8* = F 8*. Hence 8* is a solution of the problem. O
Example 4.2. Let 0(r) = 5, p(y,2) = yz, m(w) = nQLH
Consider h : T x C(Z) — [0,00] and the boundary value problem
CHD%v(w) + Sg cos w?v(w) = 0, (12)
with v'(0) =v"(0) =0, v(1) =3 fo
also, h(w,v(w)) = %cosw%(w), (w,v( )) €I xRT.
Since 0™(t) — 0 when n — 0, hence 6 € O.
Also,
_ \F 2 B 2
(. 9()) — (e 2w))] < 2T | cosiPy(w) — cose?(w)
2 2 2 2
_ 3\/7?‘ _ogin ¥ y(w) —w z(w) sin? y(w) +w z(w)|
32 2 2
BV wrly(w) — 2(w)]
~ 16(e —1) 2
SN
< L= g(1y(w) - =),

when w € T and y(w), z(w) € RT with p(y(w), z(w)) > 0. Hence,

(1- n)F(u)e(

hw, y(w)) = hlw, 2(W))| < —— ly(w) — z(w)))-

So the condition (i) from Theorem (4.1) hold.
If yo(w) = w, then
1
(), [ Gl f @, mm(w)ds) >0

forw e L. Also,
p(y(w), z(w)) = y(w)z(w) > 0 implies that

1 1
p(/o G(w,w)wf(w,y(w))dw,/o G(w,w)wf(w, z(w))dw) > 0.

It is obviously that condition (iv) in Theorem (4.1) hold. Hence, the all conditions (4.1) satisfied. So the
equation (1) has at least one solution.

Suppose F consists of all functions @ : (0,00) — R such that
(F)O<w<t = p) < o)
(F2) s, = 0< p(sy,) = —o0,

In this case, we can state some of our results as follows:
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Definition 4.3. [27] Let p € F, a € RT and d : M x M — [0, +00) such that

(e1) (¢p,0) €M x M, d(p,0) =0 ¢ =o;

(e2) d(¢,0) = d(o, ), for (¢,0) € M x M,

(e3) If (¢,0) € M x M, (wi)X, C M with (u1,uy) = (¢,0), N € N, N > 2 we obtain

N—-1
d(p,0) > 0= p(d(¢,0)) < p (Z d(ui,uiﬂ)) +a.

i=1
Then d is an F-metric on M, and (IM,d) is an F-metric space.

The convergence, condition of Cauchy sequences, and completeness are those defined in the normal
metric space.

Definition 4.4. [9/ If p: 9 — 9N, a: M x M — R, and

a(w, pw) > 1= a(pw, p’w) > 1. (13)
Then @ is a—orbital admissible.
Theorem 4.5. [22] Let o : M — M (M, d) is a F-complete) such that

a(¢, 0)d(p¢, po) < £(d(¢, o)),

for ¢, 0 € M, ¢ € ©. Also suppose
(a1) g is a-orbital admissible;
(a2) exists ¢g € M with a(po, poo) > 1;

(a3) p € F which also has property (es) is continuous and if £ is continuous then we get p(u) > p(L(u)) +
a,0 < u < oo, where a is the same stated in (e3);

Then f a fized point.
Consider d : M x M — R as

lo—olloo if
o= {0t

with 9t = C(Z, N). Define p on (0, 00) by p(w) = =1, w > 0. Since —1 > a%) > 1, clearly p(u) > p(4(u))+a,
u > 0, indeed ¢ has the following properties

u
E(u)<—u+1,

@ < p(e?), we {0,1,2,3,...}.
Theorem 4.6. Suppose there exists j: R> — R such that

(a1)

h(w.6()) — (w0 < L2 g (600 ()

where s € T and ¢,0 € R with j(¢,0) > 0;
(az) there exist hy € C(I) with 3(¢1(w), F ¢p1(w)) >0, w €L and F : C(Z) — C(I) is given by

(Fo)(p) = /1 ' G(rw)h(w, $(w)); (14)

(a3) for w € I and ¢ € C(T), j(¢(w), F ¢(w)) > 0 implies )(F p(w), F *p(w)) > 0;
Then F has a fixed point and it is a solution of (1).
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Proof. Using a proof similar to the proof of Theorem 4.1, we conclude that
[Fé(r) — Fo(r)] < L([|¢(w) — o(w)lls) -
So for ¢,0 € C(T), w € T with 3(¢(w),o(w)) > 0, we get
d(F ¢, Fo) = ellfo=Fall~ < Llo(w)—o(W)llo) < (P oWl — ¢(d(¢, 0)).
Put, a:C(Z) x C(Z) — R* by

L y(o(w),0(w)) 2 0,w e,

a(6.0) = {

0 else.
Therefore,
a(¢,0)d(F ¢, Fo) <d(F¢,Fo)) < d(p,0)), p,0 € M, with d(F ¢, Fo) > 0.
From (a3),

a(p, F¢) > 1= g(d(w), F p(w)) > 0= 3(F (¢),F*(¢)) > 0= a(F (8),F*(¢)) > 1,

for ¢ € C(Z). Hence F is a— orbital admissible. From (a2), put ¢1 € C(Z) such that a(¢1, F ¢1) > 1. By (a3)
and Theorem 4.5, we obtain ¢* € C(Z) with ¢* = F ¢*. Hence, we obtained ¢* as a solution of the problem.
O
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